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Introduction:

Introduction

This book is designed to be read. Some humor and stories of my personal journey in understanding

and applying the beautiful language of mathematics are included to keep it interesting. There are no

shortcuts, however! If you are to understand the material deeply enough to apply it to all the rich

problems that life presents, you will need to add a considerable amount of your own thought and

dedication to the process. Your goal should be to “own” the material rather than merely “borrow” it.

Owning it means that you carry the knowledge with you, like a carpenter carries his or her tools, ready

to use them as needed. Ownership, however, comes at a cost, and the amount you must pay is

dependent on your natural ability, interest, and the time and energy you are willing to put into it.

Remember, if it was as easy as digging a ditch, everyone could do it and you would not get paid extra for

knowing it.

Algebra is, ultimately, a useful method for expressing relationships that are numerical. A numerical

relationship can be expressed as ordered pairs, as a graph or with an equation.

For example, there is a relationship between Graph — The graph shows that the relationship
elevation and air pressure. As you climb higher, has a definite pattern which allows you to make
the air pressure decreases. an educated guess for values outside your data.
Ordered Pairs - The national weather service The graph predicts the air pressure to be about
sends up weather balloons across the nation 4.4 PS| at an elevation of 30,000 feet.
every day to collect data on this relationship to [ ——
forecast the weather. Some data from Weather Data
11
Medford, Oregon is shown below. = *%
g s N
Elevation (x1000 feet) Air Pressure (PSI) 'a' s ‘.
9.00 10.60 5 .
a7 8
10.15 10.15 o -,
10.84 9.89 a s g
12.00 9.46 - S
12.92 9.14 .
13.21 9.04 5 10 15 20 25 30
13.54 8.92 Elevation (1000's feet)
13.79 8.83
14.00 8.76
15.53 8.25
16.00 8.10 Equation — The equation y = 15.304¢(.961)*
ig'zz ;'j: gives an even more accurate estimate. Entering
18.77 7.25 15.304¢(.961)730 into your calculator gives an
ig-gg :-22 air pressure of 4.64 PS| at 30,000 feet.
20.54 6.74 The altimeter exploits this relationship so pilots
21.07 6.60 know their elevation ... even in the fog. Algebra
22.21 6.29 . . . . .
23.97 5 a5 is a tool, not unlike a skill saw, in that it takes
24.15 5.80 some knowledge and practice to use, but will
25.00 5.59 . . .
allow you to build some amazing things.

This book will take you through common algebraic relationships you may encounter in the world and give

you confidence in progressing from ordered pairs, to a graph, to an equation. Creation and use of equations

is the main purpose of any algebra course since equations give you the most options and are very concise.




Introduction

As motivation for your study, consider the following real estate application:

Example: Tracking Home Value

Consider the value of a family home for each of the Home Value
first 6 years of ownership: == (S in thousands)

1 186

2 162

3 148

4 141

5 142

6 154

The owners were hoping to make a little money on the house. At the present rate, when can they expect
the value of the home be to reach $200,000 since the value appears to be back on the rise?
Solution:
First, there appears to be a relationship in the ordered pairs between time and value, in that
the value dropped during the first 4 years then began to rise in years 5 and 6.

Second, graphing the relationship Home Value

with years on the horizontal axis 210
200

and home values on the vertical

190

axis shows a definite and o .
predictable pattern. 70
160
. | . P
Third, following the pattern in the 150 =

140

graph it appears that the value

130

Value in thousands of dollars

would be predicted to reach
$200,000 about year 8.

Finally, we will learn in chapter 2 how to determine an equation that fits the data.
For now, note that the equation V = 4.3T2 - 36.5T + 218 models the relationship between
value (V) and time (T).

Final Answer: The family can sell the house around year 8 for $200,000.

& Note: this prediction assumes the market value continues on this pattern upward. It would not
be at all unusual for the housing market to change pattern before then.

The equations modeling elevation -vs- air pressure and time -vs- home value are unfamiliar now, and you
may not remember all the details of the order of operations or how to use your calculator skillfully, but
appreciate that algebra is a very practical tool.




Introduction

This course will focus on the study of algebraic relationships that people have used to make real predictions
solving real problems. The basic idea is that there are quantities in the world that can be shown to be
related by gathering data and noticing a predictable pattern on their graph. There are equations that model
all types of curves, and a familiarity with how to create and use equations is a key aspect to the technical
aspects of our everyday lives.

Medical technicians can track Weight-for-age GIRLS @

Birth to 2 years (percentiies)

and advise their patients based
on patterns in their health.
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City planners can build new
schools and roads based on
population growth models.

Contractors can predict the
necessary beam dimensions
to support a 2,400 pound
roof load.

Algebra is truly all around us; it is simply the study of relationships. Let’s begin in chapter 1 studying linear
relationships.




Chapter 1:
Linear Relationships

Buy a larger size and

you will pay more, this
fact is common
knowledge to every

shopper.

But how to determine
a fair price for a new

larger-sized offering?

Linear equations can
be used to model the
relationship between

size and price.

\ J

Section 1.1




Section 1.
Section 1.1: The Shape of a Linear Equation

Consider the dosage chart below. If we compare the mean weight to the actual dose given it would
appear that the dosage increases with weight, as one might expect. A health care provider might use a
chart like this to approximate dosage.

Weight Category < 38 kg |38-47 kg 48-63 kg 64-77 kg |78-97 kg 98-117 kg 118 + kg

Mean weight 206 | 44.2 56.8 70.6 86.0 105.2 122.9
/ e e 1.045 | 1.370 | 1.603 | 1.818 | 2.015 2.215 2.371
E‘L?j;‘tf”sef method) 1.045 1372 | 1.613 | 1.841 | 2.064 2.313 2.535

Actual Dose given 60ml 70ml 80ml 100ml 120ml 140ml 160ml
If dose were 1.416 ml perkg | 41.9ml | 62.6ml | 80.5ml 100ml | 121.8ml | 149.0ml |174.1ml

If dose were 55.02ml per m2
(BSA using DuBois method) 57.5ml | 75.4ml 88.2ml 100ml| 110.9ml | 121.9ml | 130.5ml

If dose were 54.30 ml per m2
(BSA ueing Mestaller mathoay | 56-7ml | 74.5ml | 87.6ml | 100ml | 112.iml | 125.6ml |137.7mi

http://www.halls.md/ct/dosedata.htm

Two problems present themselves that skill with algebra will solve:

1. What if the patient weight is in pounds instead of kilograms?
2. What if the patient weight is not represented on the chart?

Recall that conversions to other units are easily made applying knowledge of fractions.

29.6 kg would need to be multiplied by a number with units l:—; so that kg cancel, leaving our number in

29.6 kg _ 2.205 lbs
1kg

Converting all 7 weights to the nearest pound we find the ordered pairs listed below.

=~ 65 lbs.

pounds. A quick google-search informs us that 1 kg = 2.205 Ibs. So,

1

mean weight (Ibs) dose given (ml) \

g? 23 Note that they are quite logically called “ordered pairs”.
. 20 Pairs, in that it is a pair of numbers that are related.
156 100 Ordered, in that order matters (giving a 120-pound patient 190
190 120 ml of medicine would be a regrettable mix up).
232 140 \_ )
271 160

Ordered pairs are commonly written in

the form (x,y). By convention the first Patient Weight and Dosage

number is the independent variable and 180

the second number is the dependent e *

variable. In this example the dose - izz . *

“depends” on the weight of the patient. £ 0 .

When representing ordered pairs on a % %0 .

graph the independent variable (x) is 8 w . *

assigned to the horizontal axis and the a0

dependent variable (y) to the vertical axis. 20

The “shape” of the data is approximately 0

. . 0 50 100 150 200 250 300
a line so we call this a linear relationship. Patient Weight (Lbs)



http://www.halls.md/ct/dosedata.htm

Chapter 1
Drawing a “trend line” through the points would allow us to solve our second problem and assign a

fairly accurate dosage for a weight that is not represented on the chart.

Next consider that the line has slope, which turns out to Patient Weight and Dosage

180
be both interesting and useful.

160 | 00 s e —————
140

Slope is defined as the rise divided by the run so that g™
== 100

ml

steeper lines have larger slopes. To find a number for the

80

Dosage

slope, first choose any two points that represent the line;

60 S trend line

the rise is the vertical distance between the points and a0
20

the run is the horizontal distance between the points. The

second and the seventh points were chosen in figure ° 50 100 1s0 ( 2"'}’ 50
Patient Weight (Lbs’
1.1.1. Important: If the trend line does not pass through g

300

any of the points, you are free to choose your own. Figure 1.1.1
Rise, in our dosage example, is found by subtracting the
mean weight (Ibs) | dose given (ml) dosages (160ml - 70ml = 90ml). Run is found by subtracting

65 60 the weights (271 Ibs - 97 lbs = 174 Ibs).
97 70
So the slope is X - B s,
125 80 174 29
156 100 With the units included it has a useful meaning. Since
.52 ml
190 120 .52 = 12—11; , we can add about .5 ml to our dosage for every
232 140 increase of 1 pound. It is also true that we can subtract
271 160 . 52 —.52
about .5 ml for every decrease of 1 pound since T =
rise - 2 (x1,y1)
Formally then, slope = — = NZY2 . put practically it refers /
run X1 — X2
to the rate of change of one quantity relative to another. !

(x2,y2)

0
‘ 0 1 2

It is interesting to note that choosing different ordered pairs will give you a slightly different slope since
120-60 60 12

the seven points are not in a perfect line. Choosing the 1t and the 5%, slope = = = —=.48.
190-65 125 25

Consider a practical slope (rate of change) example involving car value:

Example 1.1.1: Calculating slope Vear o value

Find and interpret the slope for the car value from the table 1998 $27,500

between the years 1998 & 2005. 2001 522,200
2005 $15,700

Solution: 2007 $12,800

15700-27500 _ —11800 _ —1686 2013 52,800
slope = = =
2005-1998 7 1

Meaning: a decrease of approximately $1686 in value for every increase of one year in age.

« Note: It does not matter which order you subtract as long as your subtraction starts with x

27500-15700 _ 11800 _ 1686
1998-2005 -7 -1

Meaning: an increase of $1686 in value for every decrease of one year in age. Numerically, the

slope is -1686 in either case.

and y from the same point. The other option: slope =

8




Section 1.1

As demonstrated in figure 1.1.1, a useful graph adheres to the following conventions:

1.

2.
3.
4

independent variable (x) on the horizontal axis
dependent variable (y) on the vertical axis

a title

labels (including units) and a scale for each axis

Consider a practical graphing example involving the same car values:

Example 1.1.2: Graphing

year car value
Create a usable graph for the car value from the table. Include a 1998 $27,500
trend line and give a reasonable value for the year 2009. 2001 522,200
2005 $15,700
2007 $12,800
2013 $2,800
Solution:
(a) Horizontal Axis - Year is the independent variable since the Y

(b)

Car Value (x $ | O00)

value depends on the year. There are 15 years between
1998 and 2013. Our graph paper does not have 15 lines so

the scale will be 2 years.

Vertical Axis - There is $24,700 between $2,800 and
$27,500. $24,700 divided by 14 lines is $1764 which can
be rounded up to $2000 for a scale that will be easy to

read.

Car Value Over Time

Y
25
24
20 N
16 N
E »
'®)
4
N
Y X
T 0 N WO T O
n O QO Q0 = — —
NN OO 0 0 o0
— — 0 O O O Yy
Year

We do not know until the graph is done that
the shape of the graph is a line. It would not
be at all unusual to have found it curved.

Final Answer: Reading the graph, the car
looks to be worth a little under $10,000 in
2009.

¢ Note: Choosing the scale for a
graph is a dynamic process and
there is often more than one right
way of doing it.

¢ Note: The x & y intercepts are
often interesting; in this case the
car’s value looks to reach zero in
2015 (the point (2015,0) is the x-intercept).




Chapter 1

Section 1.1: Problem Set

1.

10

The Kilowatt-hours (KWH) of electricity a home uses each month
are dramatically affected by the temperature difference inside
versus outside measured in heating degree days (HDD), (if it is 60
degrees outside and you heat your house to 72 degrees for 5 days
that is 12 x 5 = 60 HDD).

a)

b)

Make a graph of the data (use graph paper, label completely,
and choose the correct axis for the independent(x) and
dependent(y) variables).

Find the slope between the 133 and 561 degree days, accurate
to 2 decimal places.

Add a trend line to the graph.

Choose two representative points from your trend line and
find the slope. Explain the meaning of the slope in context.

A forester takes measurements in a grove of trees. Naturally

larger diameter trees also have larger volumes.

a)

Make a graph of the data large enough to include a 13 cm
diameter (use graph paper, label completely, let diameter be
the independent(x) variable and volume be the
dependent(y) variable).

Find the slope between the smallest and largest diameter
trees, accurate to 1 decimal place.

Add a trend line to the graph.

Choose two representative points from your trend line and
find the slope. Explain the meaning of the slope in context.
Use your trend line to estimate the volume of a 13 cm
diameter tree.

Degree | KW
Days (HDD)

714 1799
469 1269
386 1160
266 860
133 804
62 696

7 677

5 666
37 736
354 1071
561 1602
968 2060

Diameter (cm)| Volume [m?)
7.2 143
7.4 157
7.5 168
7.7 178
7.8 189
8.0 199
8.2 212
8.2 221
8.7 237
8.8 2438
9.0 261
9.3 272
9.4 278
9.6 288
9.8 299

10.1 304
10.3 318
10.4 327
10.6 340
10.9 349




Section 1.1

A forester takes measurements in a grove of trees. Naturally

older trees also have larger volumes.

a) Make a graph of the data larger enough to include a 50

year old tree (use graph paper, label completely, let age

be the independent(x) variable and volume be the

dependent(y) variable).

b) Find the slope between the youngest and oldest trees,

accurate to 2 decimal places.

c) Add atrend line to the graph.

d) Choose two representative points from your trend line

and find the slope. Explain the meaning of the slope in

context.

e) Use your trend line to estimate the volume of a 50 year

old tree.

A study conducted in the early 1960’s in 9 counties in northern
Oregon and southern Washington related exposure to the Hanford
nuclear plant and mortality rate. Exposure is an index number
assigned to a county based on its population and proximity to the
contaminated water. Mortality is the rate of deaths per 100,000
man-years (6 people living for 70 years is 6x70=420 man-years).

a) Make a graph of the data (use graph paper, label completely,
and choose the correct axis for the independent(x) and
dependent(y) variables).

Age Volume (m”)

21 143

22 157

23 168

24 178

25 189

26 199

27 212

28 221

29 237

30 248

31 261

32 272

33 278

34 288

35 299

36 304

37 318

38 327

39 340

a0 349

Exposure Mortality

2.5 147.1
2.6 1301
3.4 129.9
1.3 113.5
1.6 137.5
3.8 162.3
11.6 207.5
6.4 177.9
8.3 210.3

b) Find the slope between the lowest and highest exposure counties, accurate to 2 decimal

places.
¢) Addatrend line to the graph.

d) Choose two representative points from your trend line and find the slope. Explain the

meaning of the slope in context.
e) Estimate the y-intercept and explain its meaning in context.

11
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5. The winning Olympic discus throw is recorded through the Year Throw (ft)
1900’s rounded to the nearest foot. It is interesting to note that 1900 118
1916 and 1940 are missing due to the first and second world 1904 129
wars. 1908 134

1912 148

a) Make a graph of the data large enough to include 1992 (use 1920 147
graph paper and label). 1924 11

) 1928 155

b) Find the slope between 1900 and 1984, accurate to 1 1932 162
decimal place. 1936 166

c) Add atrend line to the graph. 1948 173
d) Use your trend line to predict the winning throw in 1992. 1952 181
e) Choose two representative points from your trend line and 1956 185
find the slope. Explain the meaning of the slope in context. 1360 134
19641 200

1968 213

1972 211

1976 221

1980 219

1984 219

6. Consider the price list for rectangular tarps of different sizes.

Dimensions Area Price
a) Find the area of each tarp in the chart (area of a 5y 7 <4
rectangle is length x width).
b) Make a graph of the area -vs- price data large 6 x 8 $5
enough to include the largest area (use graph paper
and label). 8 x10’ S8
c) Find the slope between the $5 and $15 tarps.
d) Add atrend line to the graph. 10°x 12’ 511
e) Use your trend line to find a price for the 20'x24’ 12 x 14° $15
tarp.
f) Choose two representative points from your trend 16’ x 20’ $26
line and find the slope. Explain the meaning of the
slope in context. 20" x 24’




Download speeds for data are increasing with technological

advances. The speeds are recorded in the table for each month

in 2009.

a) Make a graph of the data large enough to include 10,000
Kb/sec. (use graph paper and label)

b) Find the slope between months 2 and 11, accurate to 1
decimal place.

c) Add atrend line to the graph.

d) Use your trend to find the month when the speed will
reach 10,000 Kb/s.

e) Choose two representative points from your trend line and

find the slope. Explain the meaning of the slope in context.

Upload speeds for data are increasing with technological

advances. The speeds are recorded in the table for each year.

a)

b)

Make a graph of the data large enough to include 2015
(use graph paper and label).

Find the slope between years 2008 and 2011, accurate to 2
decimal places.

Add a trend line to the graph.

Section 1.1

Use your trend line to make a prediction for the upload speed in 2015.

Smoking rates for adults have declined over the last couple of

decades.

a)

b)

d)

Make a graph of the data large enough to include 2020 (use
graph paper and label).

Find the slope between years 1990 and 2010.

Add a trend line to the graph.

Choose two representative points from your trend line and

find the slope. Explain the meaning of the slope in context.
Use your trend line to make a prediction for the percent of

smokers you might expect in 2020.

Month Speed (Kb/s)
1 7028
2 7056
3 7278
4 7866
5 8188
b 8265
7 8355
8 8529
9 8694
10 8844
11 9183
12 9332
Year Speed (Kb/s)
2008 1029
2009 1728
2010 2207
2011 2705
Year Percent
1990 25.5
1993 25.0
1995 24.7
1997 24.7
1999 235
2001 22.8
2002 22.5
2003 21.6
2004 20.9
2005 20.9
2006 20.8
2007 19.8
2008 20.6
2009 20.6
2010 19.3
2011 18.9

13
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10. Health costs are steadily rising in the United States.

11.

12.

a)
b)
c)

d)

e)

Make a graph of the data large enough to include 2020
(use graph paper and label).

Find the slope between years 2000 and 2008.

Add a trend line to the graph.

Choose two representative points from your trend line and

find the slope. Explain the meaning of the slope in context.

Use your trend line to make a prediction for the health
expenditure you might expect per person in 2020.

Smoking rates for students are shown in the table.

a)
b)
c)

d)

e)

Make a graph of the data large enough to include 2016
(use graph paper and label).

Find the slope between years 2003 and 2011.

Add a trend line to the graph.

Choose two representative points from your trend line and

find the slope. Explain the meaning of the slope in context.

Use your trend line to make a prediction for the percent of
smokers you might expect in 2016.

Starbuck’s pumpkin spice latte prices are shown in the table.

a)
b)
c)

d)

e)

Make a graph of the data large enough to include a 24-
ounce drink (use graph paper and label).

Find the slope between 8 and 20 ounces.

Add a trend line to the graph.

Year Expenditure
1995 $3,748
1996 $3,900
1997 $4,055
1998 54,236
1999 $4,450
2000 $4,703
2001 $5,052
2002 $5,453
2003 $5,989
2004 $6,349
2005 $6,728
2006 $7,107
2007 $7,482
2008 $7,760
2009 $7,990
2010 $8,233
2011 $8,608
Year Percent
1997 36.4
1995 34.8
2001 28.5
2003 21.9
2005 23.0
2007 20.0
2005 19.5
2011 18.1
Size (ounces) Price (%)
g $4.00
12 $4.45
16 $5.25
20 $5.65

Choose two representative points from your trend line and find the slope. Explain the

meaning of the slope in context.

Use your trend line to make a prediction for the price Starbucks would charge for a 24 oz.

drink.




13.

14.

Section 1.1

The suicide rates for the United States are shown in the
table.

a) Make a graph of the data large enough to include 2020

(use graph paper and label).

b) Find the slope between 2005 and 2009.

c) Add atrend line to the graph.

d) Choose two representative points from your trend line
and find the slope. Explain the meaning of the slope in

context.

e) Use your trend line to make a prediction for the suicide

rate in 2020.

The obesity rates for Oregon are shown in the table.

a) Make a graph of the data large enough to include 2020 (use
graph paper and label).

b) Find the slope between 1995 and 2000.

c) Add atrend line to the graph.

d) Choose two representative points from your trend line and find
the slope. Explain the meaning of the slope in context.

e) Use your trend line to make a prediction for the obesity rate in
2020.

Suicides per
Year
100,000
2000 10.4
2001 10.7
2002 10.9
2003 10.8
2004 11.0
20035 10.9
2006 11.0
2007 11.32
2008 11.6
2009 11.7
2010 12.1
2011 12.3
2012 12.5
2013 12.6
Year Obesity Rate
(%)
1930 11.2
1995 13.6
2000 19.9
2003 21.5
2004 21.0
2003 22.2
2006 23.3
2007 25.0
2008 25.4
2009 25.0
2010 25.4
2011 26.7
2012 27.3
2013 26.5

15
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15. The alcohol-related traffic death in Oregon are shown in the table.

a)

b)

d)

Make a graph of the data large enough to include 2016 (use graph
paper and label).

Find the slope between 2001 and 2007.

Add a trend line to the graph.

Choose two representative points from your trend line and find the
slope. Explain the meaning of the slope in context.

Use your trend line to make a prediction for the number of alcohol-
related deaths in 2016.

16. The percent of Americans that use the internet are shown in the table.

a)

b)

d)

e)

Make a graph of the data large enough to include 2010 (use graph
paper and label).

Find the slope between 1996 and 2003.

Add a trend line to the graph.

Choose two representative points from your trend line and find the
slope. Explain the meaning of the slope in context.

Use your trend line to make a prediction for the percent of
Americans using the internet in 2010.

Year Deaths
2000 188
2001 130
2002 179
2003 207
2004 199
2005 177
2006 177
2007 177
2008 139
20059 141
Internet

vear Users (%)
1995 9.2
1996 16.4
1997 21.6
1998 20.1
1999 35.9
2000 43.1
2001 49.1
2002 28.8
2003 6l1.7
2004 04d.8
2005 68.0
2006 08.9
2007 73.0




Section 1.2
Section 1.2: Finding Linear Equations

Rene Descartes (1596-1650) is famous for discovering the connection between geometry and algebra.
There is an algebraic equation that can be found to match the geometric line we see in a graph. Indeed
there is an equation to match virtually any geometric shape imaginable.

To discover this simple connection, let’s start with the equationy = 3X~ 4. Solutions to this equation

are ordered pairs since there are two variables. The dependent variable is y since it depends on the
choice we make for x. We are free to choose any number we like for x.

X
It will be easy if we pick numbers for x that are multiples of 3 since we are to multiply 3 _\;
them by g The order of operations dictates that we first multiply our choice for x by % 6 0
then subtract 4. It is very important that you are confident with this process, review the 9 2
order of operations if necessary. The table shows a partial list of ordered pairs. 0 4

-3 | -6

-6 | -8

The graph of these ordered pairs is shown below.

The algebraic equation produces a geometric line. /The et sitihe gEE s (e \

Y named the origin.
The x-coordinate is located moving right of

the origin for a positive x, and left of the

origin for a negative x.

The y-coordinate is located moving up from

the origin for a positive y, and down from

L. Qhe origin for a negative y. /
i

~

pZa \

otice that although 6 ordered pairs are

» enough to see the pattern, in fact there are

hY

infinitely many solutions to the equation

o since x can be any real number. It is

important to understand that the line fills in
naturally as you graph more ordered pairs.

The 2-dimensional graph for solutions to 2-variable equations is named the
Cartesian coordinate system in honor of Rene Descartes (pronounced “day-
cart”); a handsome fellow with flowing locks and ahead of his time with a
stylish moustache.
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Now compare the equationy = § X — 4 with its Y

graph. It turns out that there is a very simple

connection between them. Do you see it?

Hint 1: Find the slope of the line.

Hint 2: Notice where it crosses the y-axis.

The slope is g and it crosses the y-axis at -4. A
This is more than a fortunate coincidence. /./’/
Slope is a rate of change, and the y-intercept occurs /"
where x = 0. ‘/"

A
An electric bill is typically the sum of a monthly /’

AN

service fee and a usage fee that is based on the

cost of the electricity per kilowatt-hour (KWH).

For example, at 5¢/KWH with a $7 monthly service

fee, the cost (C) = % K+7..or

C =.05K + 7 where K is the number of KWH used. 5¢/KWH is the rate and $7 is the cost if K = 0.

The equation of a line is said to be in slope-intercept form if it

is written in the form y = mx + b. The number in place of Equation of a line:
m = slope and the number in place of b = y-intercept. y=mx+b

Had the English been the first to discover this relationship we m = slope of the line

might have chosen s for the slope and i for the intercept, but b = y-intercept of the line

the French beat us to it.

Consider the following example:

Example 1.2.1: Finding the Equation from a Graph

Find the equation of the line shown on the graph. Assume each square to be 1 unit.
Y

Solution:

!
I
We need two pieces of information from the graph ... R

slope and y-intercept: =

1. vy-intercept = 6 since the graph crosses the y-axis at ~

(0,6) e

2 . .
2. slope=-— o counting the rise and run between

any two points on the graph, (reduce the fraction
if necessary).

Final Answer: y= —%x +6

o« [Note: Itis easy to check your work since the points on the graph should “work” in the
equation. Try the point (-10,10): 10 = — % (-10) +6 = ? +6=4+6=10.. it works!

18
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Consider a practical example involving a rental car:

Example 1.2.2: Finding the Equation from an Ordered Pair

Use the chart to find an equation to model the different costs (C) for miles driven oSt
a rental car based on the miles (M) it is driven. 100 $57
200 $82
300 $107
Solution: 00 2132
500 $157

The graph of the ordered pairs in the table reveals that the

relationship is linear.
157-57 _ 100 _ 1

slope = 500-100 — 200 — 2 We could have chosen any two points to arrive at this slope
since the graph is perfectly linear.
So far we havey = % x+b Car Rental Cost
$180
From the graph we might guess that the z: ¢
y-intercept is about 40 but we can do 5120 *
better than guess since the ordered pairs g h1o0 *
must “work” in the equation. Randomly © ::Z . *
picking the ordered pair (100,57) from sa0
the table, and substituting the values in $20
the equation we get: . 0 100 200 300 100 500 600
57=+100+b MilesDriven
57=25+b
32=b

Final Answer:

y = i X+ 32 ... or better C = % M + 32 ... we now have a formula to find the cost for any number of

miles driven.

# Note: The slope of % indicates that the cost of driving the car is $1 for every 4 miles driven

or 25¢/mile. Remember that slope is % and the units for the rise (y values) are in dollars

and units for the run (x values) are in miles.
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Reconsider the practical example involving car value where the points do not line up perfectly:

Example 1.2.3: Finding the Equation for a Line Vear car value

Use the chart to find an equation to model the value for a car 1998 $27,500

purchased in 1996 based on its age, accurate to the nearest 2001 $22,200
hol b 2005 $15,700

WROIe number. 2007 $12,800

Consider 1996 to be year zero. This is not necessary but it will 2013 $2.800

make the process of finding b and its value much more

reasonable.

Solution:

The graph reveals that the relationship is close to, though not perfectly, linear. Choose 2 points
to calculate the slope that accurately represent the trend line. The first and the last seem a
reasonable choice here based on the graph.

_ 27500-2800 _ 24700

1, - s -1646.66 VERY IMPORTANT ... do not round the slope to the

slope
nearest whole number too soon so that b can be as
accurate as possible. Storing the number in the
calculator may be helpful in minimizing round off errors
and saving time.
As noted in section 1.1 different points will yield slightly
different slopes here since this relationship is not
perfectly linear.

So far we have y = -1646.66x + b

Car Value over Time
$30,000

From the graph we might guess that the
y-intercept is about 30,000 but again we can

$25,000

do better since the ordered pairs must “work” , oo
in the equation. Let’s pick (17,2800). Z? 15,000
2800 = -1646.66¢17 + b 000

2800 =-27993.22 + b
30793.22=b a reasonable result based on
50

thegraph! 1996 1998 2000 2002 2004 2006 2008 2010 2012 2014
Year

$5,000

Final Answer:
y =-1647x + 30793 ... or better V = -1647A + 30793 (where V = value and A = age after 1996).

# Note: The equation indicates that the car was worth about $30,800 in 1996 (year 0).
The x-intercept indicates the year the car will be worth nothing and we can now calculate it
exactly by plugging in 0 for V then solving for A. Businesses establish depreciation schedules
for their assets for tax purposes based on the fact that tools and equipment lose value over time.
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Section 1.2: Problem Set

Section 1.2

1. The Kilowatt-hours (KWH) of electricity a home uses each month are dramatically affected by

the temperature difference inside versus outside (measured in
degree days).

Round slopes and y-intercepts to 2 decimal places

a) Find the equation of the line passing through the lowest and
highest degree day. Note: data is not in order

b) Find the equation of the line passing through the 386 and 62
degree days.

c) Find the equation of the line through two representative
points from the trend line. The points do not have to be from
the data.

d) Comment on the slopes and y-intercepts you found ina - c as
compared to their graphs.

Effect of Temperature on Electricity Use

2500
__ 2000 W
é /
X 3 *
- 1500
H -
D i *
g 1000 i /‘
E _V/ +
o
* 5o

0
0 200 400 600 200 1000
Heating Degree Days

Heating

Degree 5:Z:
Days (HDD)
714 1799
469 1269
386 1160
266 860
133 804
62 696
7 677
5 666
87 736
354 1071
561 1602
968 2060
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.ﬂ/
/

20 25 30 35 40
Age (years)

=]
=]

-
@
[=]

-

=
(=]
(=]

2. Stem diameter at breast height and the useable volume of a tree Diameter (cm)| Volume (m?)
are related, naturally, and of interest to foresters. 7.2 143
7.4 157
. . 7.5 168
Round slopes and y-intercepts to 2 decimal places e 17
a) Find the equation of the line passing through diameters 7.2 cm 7.8 189
and 8.0 cm. 8.0 199
b) Find the equation of the line passing through diameters 8.2 cm :'; Zi
and 9.8 cm. e 237
c) Find the equation of the line through two representative points 8.8 248
from the trend line. 3.0 261
. . 9.3 272
d) Comment on the slopes and y-intercepts you found ina - c as 5 7
compared to their graphs. 9.6 288
9.8 299
Tree Diameter -vs- Volume 10.1 304
00 10.3 318
o 10.4 327
(‘r’*/ i 10.6 340
E 300 pe=s 10.9 349
@ -
£ 250 (‘y
3
S 200 £ 2aa
150 ,/{'
100
7.0 7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0
Diameter(cm)
3. Atree’s age and its volume are of interest to foresters. ge Volume (m’)
21 143
Round slopes and y-intercepts to 2 decimal places 22 157
a) Find the equation of the line passing through ages 22 and 26 jz' i?:
years. 25 189
b) Find the equation of the line passing through ages 30 and 38 26 199
years. 27 212
. . . . 28 221
c) Find the equation of the line through two representative > 237
points from the trend line. 30 243
d) Comment on the slopes and y-intercepts you found in a - c as 31 261
. 32 272
compared to their graphs. " -
34 288
Tree Age -vs- Volume . 299
00 36 304
250 37 318
/ 38 327
E 300 39 340
2 50 a0 349
3
£
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A study conducted in the early 1960’s in 9 counties in northern -
Exposure Mortality

Oregon and southern Washington related exposure to the Hanford 25 1471
nuclear plant and mortality rate. Exposure is an index number 2.6 130.1
assigned to a county based on its population and proximity to the 3.4 129.9
contaminated water. Mortality is the rate of deaths per 100,000 1.3 113.5
. 1.6 137.5

man-years of life.
3.8 162.3
11.6 207.5
Round slopes and y-intercepts to 2 decimal places 5.4 177.9
a) Find the equation of the line passing through the lowest and 8.3 210.3

highest exposure counties.

b) Find the equation of the line passing through the 3.4 and 8.3 exposure counties.

c) Find the equation of the line through two representative points from the trend line. The
points do not have to be from the data and should not be in this case since the line does not
pass through any of them very closely.

d) Comment on the slopes and y-intercepts you found in a - c as compared to their graphs.

Cancer Mortality Near Hanford Reactor
250
25
r Sl
o r - / £3
£ 200 et
o - LT
= : p=cai
£ 475 | -4
£ i e
§ 150 + e e Sl
r * | T
125 + e e
mEmE &
100 -
0o 1 2 3 a4 s 6 7 8 9 10 1 12 13
Exposure
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5.

The winning Olympic discus throw is recorded through the 1900’s

Year Throw (ft)
rounded to the nearest foot. Consider 1900 to be year O for your 1500 118
calculations. 1504 129
1908 134
1912 148
Round slopes and y-intercepts to 2 decimal places 1920 147
a) Find the equation of the line passing through the earliest and 1524 151
1928 155
latest dates. 1532 162
b) Find the equation of the line passing through the years 1912 & 1936 166
1948. 1948 173
. . . . . 1352 181
¢) Find the equation of the line through two representative points P "
from the trend line. 1960 194
d) Comment on the slopes and y-intercepts you found ina - c as 1564 200
. 1968 213
compared to their graphs. 972 11
. . . . 1976 221
Winning Discus Throw at Olympics 1980 19
240 1984 219
220
ST . Y
3 200 F ’
= E o
g [ A/{‘
£.180 | =
2 i PSS 28
0 160
£ Fe et
be 140
‘g Sesat
£ 120
=
100 e
0 10 20 30 40 50 60 70 20 90
Number of Years After 1900
Consider the price list for rectangular tarps of different Dimensions Area Price
sizes.
5 x7 sS4
Round slopes and y-intercepts to 3 decimal places 6 x 8 $5
a) Find the area of each tarp in the chart (area of a
rectangle is length times width). 8 x 10’ S8
b) Use the $5 and $15 tarps to find a linear equation to
model the data using area as the x variable and price 10'x 12 511
as the y variable.
y Yarian s . . 12/ x 14 $15
c) Use your equation to determine the correct price for
the 2 larger tarps in the table to the nearest dollar. 16’ x 20’ $26
20" x 24’
24’ x 30’




Download speeds for data are increasing with technological

Section 1.2

advances. The speeds are recorded in the table for each month Month | Speed (Kb/s)
in 2000. 1 7028
2 7056
3 7278
Round slopes and y-intercepts to 2 decimal places 1 7866
a) Find the equation of the line passing through months 2 & 4. c g188
b) Find the equation of the line passing through months 5 & 7. 6 8265
c) Find the equation of the line through two representative 7 8355
points from the trend line. 8 8529
d) Comment on the slopes and y-intercepts you foundina-c ? 8694
. 10 8844
as compared to their graphs.
11 9183
Download speeds each month in 2009 12 3332
10000
9500 /‘“
9000 K/"/
EE 8500 —
g < 4>/‘
E 8000 ‘:/,/
(% 7500 ,//0
7000
6500
6000
0 1 2 3 4 5 6 7 2 9 0 11 12 13
Month
Upload speeds for data are increasing with technological advances.
Consider 2000 as year 0. Year | Speed (Kb/s)
2008 1029
2009 1728
Round slopes and y-intercepts to 2 decimal places 2010 2207
a) Find the equation of the line passing through 2008 & 2011. 2011 2705

b) Find the equation of the line passing through years 2009 & 2011.

c) Find the equation of the line

through two representative

points from the trend line. 3000

Upload Speeds Each Year

/0-

=
8

2as

g

Speed {kb/s)

1000 |

500 +

Year

10

1

12

25




Chapter 1

26

9. Smoking rates for adults have been declining over the last

. Year Percent
couple of decades. Consider 1990 to be year 0.
1990 25.5
1993 25.0
Round slopes and y-intercepts to 2 decimal places 1995 4.7
a) Find the equation of the line passing through years 2002 & 1997 4.7
20009. 1999 23.5
b) Find the equation of the line passing through years 1997 & 2001 22.8
1999. 2002 22.5
c) Find the equation of the line through two representative 2003 21.6
. . 2004 20.9
points from the trend line.
d C ton the sl d y-int t found i 2005 209
) Comment on the slopes and y-intercepts you found ina - c 2006 08
as compared to their graphs. 2007 19.8
Percent of Adult Smokers 2008 20.6
28.0 2009 20.6
g 2010 19.3
IR ESEE===: 2011 18.9
g 24.0 — 3
i ~t e
_g 22.0 \‘\
< -
B 200 F*k:“!-*
3 s
£ 18.0
=]
=
16.0
0 5 10 15 20
Year
10. Health costs are steadily rising in the United States. Consider 1990 as > -
ear Expenditure
year 0. 1995 53,748
1996 $3,900
Round slopes and y-intercepts to 2 decimal places i:g; 552222
a) Find the equation of the line passing through years 1995 & 1999. 1999 54:450
b) Find the equation of the line passing through years 2000 & 2003. 2000 4,703
c) Find the equation of the line through two representative points 2001 $5,052
; h 4l 2002 85,453
rom the trend line. 2003 <5,989
d) Comment on the slopes and y-intercepts you found ina - c as 2004 56,349
compared to their graphs. 2005 56,728
2006 $7,107
U.S. Health Expenditures Per Capita 2007 57,482
2008 $7,760
9000 = 2009 47,390
s 38,000 L == 2010 $8,233
2 47,000 2011 $8,608
& //
g $6,000 "/¢
8 45,000 .
Q % £ 2
% 0000 : M/
] L=
T 43,000
£2,000
4 6 8 10 12 14 16 18 20 22
Year
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11. Smoking rates for students have been declining linearly in recent Year Sercent

years as shown in the graph. Consider 1990 as year 0. 1997 oa
1999 34.8
Round slopes and y-intercepts to 2 decimal places 2001 28.5
a) Find the equation of the line passing through years 1999 & 2003 213
2005 23.0

2001.
2007 20.0
b) Find the equation of the line passing through years 2001 & 2009 19.5
2005. 2011 18.1

c) Find the equation of the line through two representative

oints from the trend line.
P Percent of Students Who Smoke
d) Comment on the slopes and 00
y-intercepts you found in a - S ]
c as compared to their 5 350
3 B
graphs. E 300
+*
= =
2 250
g 4 <\
“6 20.0 3
5 \:»
2 150
E
3
z 10.0
5 7 9 11 13 15 17 19 21 23
Year
12. The price of a Starbucks latte increases linearly as a function Size (ounces) Price ()
of size. 8 54.00
12 54.45
Round slopes and y-intercepts to 2 decimal places 16 $5.25
. . . . . 20 5.65
a) Find the equation of the line passing through sizes 8 and 2
12 ounces.

b) Find the equation of the line passing through sizes 12 and 16 ounces.
c) Find the equation of the line through two representative points from the trend line.
d) Comment on the slopes and y-intercepts you found in a - c as compared to their graphs.

Starbucks - Pumpkin Spice Latte Prices

$6.50

$6.00

Price ($)
g

6 8 10 12 14 16 18 20 22 24
Drink Size (ounces)
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a)
b)
c)

d)

a)
b)
c)

d)

13. The suicide rate in the United States has been on the rise in the Suicides per
Y
past couple of decades. Consider 2000 as year 0. - 100,000
2000 10.4
2001 10.7
Round slopes and y-intercepts to 2 decimal places 2002 10.9
Find the equation of the line passing through 2000 and 2005. iggi 12‘2
Find the equation of the line passing through 2009 and 2013. 2005 10.9
Find the equation of the line through two representative points 2006 11.0
2007 11.3
from the trend line. 2008 1.6
Comment on the slopes and y-intercepts you found ina - c as 2003 11.7
. 2010 12.1
compared to their graphs. 011 23
.. 2012 12.5
U.S. Suicide Rate 2013 12.6
14.0
13.5
[
S 130
[ s
§ ’ .
8~ 12.0 2
o 1s —+
g *
9 11.0 + +
= -
; 10.5 F—
W
10.0
0 2 4 6 3 10 12 14 16 18 20
Years after 2000
14. The obesity rate in Oregon has been on the rise in the past couple of -
. Obesity Rate
decades. Consider 1990 as year O. Year (%)
. . 1930 11.2
Round slopes and y-intercepts to 2 decimal places 1995 126
Find the equation of the line passing through 1995 and 2000. 5000 19'9
Find the equation of the line passing through 2003 and 2013. 2003 21'5
]I:md thhe equatn;n of the line through two representative points 2004 5.0
rom the trend line. . . 2005 299
Comment on the.slopes and y-intercepts you found ina - c as 2006 233
compared to their graphs. 2007 35.0
Oregon Obesity Rate 2008 25.4
35.0 2009 25.0
2010 25.4
e / 2011 26.7
0 jor o= sy 2012 27.3
> 2013 26.5

Rate (%)
g
b

15.0

10.0

0 5 10 15 20 25 30
Years after 1990




a)
b)
c)

d)

a)
b)
c)

d)

15. The number of alcohol-related deaths in Oregon has been declining in Year Deaths
the last decade. Consider 2000 as year 0. 2000 182
2001 150
Round slopes and y-intercepts to 2 decimal places 2002 179
Find the equation of the line passing through 2002 and 2009. 2003 207
Find the equation of the line passing through 2006 and 2008. 2004 199
Find the equation of the line through two representative points 2005 177
from the trend line. 2006 177
Comment on the slopes and y-intercepts you found ina - c as 2007 177
compared to their graphs. 2008 159
) . 2009 141
Oregon Alcohol-Related Traffic Fatalities
220
*
200
E »* *
E 180 \ N’ *
5 160 ==
2 T
E 140 *
2 _——
120
100
0 2 4 b 8 10 12 14 16
Years after 2000
16. The percent of Americans that use the internet are shown in the table.
Consider 1990 as year 0. Year Internet
Users (%)
Round slopes and y-intercepts to 2 decimal places 1995 9.2
Find the equation of the line passing through 1995 and 1997. 1995 16.4
Find the equation of the line passing through 2001 and 2003. 1997 71.6
Find the equation of the line through two representative points 1998 30.1
from the trend line. 1999 a5.9
Comment on the slopes and y-intercepts you found in a - ¢ as 2000 43.1
compared to their graphs. 2001 49.1
American Internet Users 2002 28.8
100 2003 61.7
920 2004 o4.8
80
£ + 2005 68.0
e o 2006 68.9
2 w0 i 2007 | 75.0
S u 3
==
20 -
/i
10 *
1]
4 6 8 10 12 14 16 18 20
Years after 1990

Section 1.2
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Section 1.3: Using Linear Equations

We can now model linear relationships moving comfortably between ordered pairs, graphs and
equations. We now come to the real business and purpose of algebra: using our skill to find out

something useful that we want to know. weight (Ibs) Systolic BP
Suppose a doctor is following the health of a patient who is losing 320 185
weight in order to lower his blood pressure. Consider the chart of his 290 166
progress: 272 154
260 144
252 138

The graph of the data reveals that his progress is
close to linear. Find an equation using his heaviest
and lightest weight.

Weight -vs- Blood Pressure

The slope is

185-138 _ 47
320-252 68
Theny=.69x+b

.
\ 160 .

~ .69

Systolic BP {mmHg)
8

Next, at (252,138) we get 138 = .69(252) + b 80
b =-35.88 o
Finally y = .69x — 36 where x is the weight and 20
Q is the blood pressure. j oo w0 a0 e 2m0  s00 520
Weight (lbs)

340

So far this is all just mathematical and academic; however, the doctor can now use the equation to
predict the weight the patient will need to reach to get his systolic BP down to 120 as the chart below

indicates as normal.

120 = .69x - 36
156 = .69x
X =226

substitute 120 fory
adding 36 to both sides
dividing both sides by .69

The doctor can
now tell the
patient that a
weight of 226
pounds should
bring his blood
pressure to a
normal level of
120.

30

This chart reflects blood pressure categories defined by the American Heart Association.

Blood Pressure Systolic Diastolic
Category mm Hg {upper #) mm Hg {lower #)

Prehypertension 120 - 139 80-89
[ [ﬂi;’p';f;ﬁ:g;’gf‘:;ﬁ 140 — 159 or 90— 99 ]
I (ﬂi;’p'iﬁéﬁggn‘;’gf:;e“’z T 160 or higher T or 1( 100 or higher I
i=ITI|“:“‘1|;“‘G;‘|I‘:q: Higher than 180 - Higher than 110

http://www.heart.org/HEARTORG/Conditions/HighBloodPressure/AboutHighBlood
Pressure/Understanding-Blood-Pressure Readings UCM 301764 Article.jsp



http://www.heart.org/HEARTORG/Conditions/HighBloodPressure/AboutHighBloodPressure/Understanding-Blood-Pressure%20Readings_UCM_301764_Article.jsp
http://www.heart.org/HEARTORG/Conditions/HighBloodPressure/AboutHighBloodPressure/Understanding-Blood-Pressure%20Readings_UCM_301764_Article.jsp
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There are some more convenient ways to look at slope based on how fractions can be written:

/Again the slope (%) can be very useful, meaning the blood pressure will go up \
—-.69mmHg

-1lp '’
meaning the blood pressure will go down about .7 mmHg for every pound lost.

about .7 mmHg for every pound gained. The slope could also be written

—-1mmHg

—1.45 lbs’

meaning you can low our blood pressure one “point” for every pound and a half you
lower blood b “ t” f d and a half

Another option can be found dividing both numerator and denominator by -.69,

lose.

n . 1 mmH —2mmH
Probably the most useful and memorable version is 9~ 9

1451bs  —31lbs Meaning you can

lower your blood pressure two “points” for every three pounds you lose. /

Students often fail to expend the energy to understand algebra stating three basic objections:

1. “When will | ever use this stuff?”
One can easily avoid algebra in life, but the preceding example illustrates that algebra can be
quite useful and help make you more employable.

2. “What do x’s and y’s have to do with anything?”
This is a valid observation, perhaps our equation would be more clear if we said B = .69W — 36.
The point is that the equation gives a clear mathematical expression that relates weight and
blood pressure in a genuinely useful way.

3. “What does .69 times W mean since there is no such thing as math with letters?”
This is also a valid objection, however because the patient’s weight is changing we cannot use a
number. The letter is just there to hold the place of a number which, like weight, will change.
There is indeed no such thing as math with letters. Letters are simply used in place of a number
when the number varies ... hence the letters in an equation are called variables.

We come now to a technique for finding the equation for the trend line that is both easier and more

precise than we have seen thus far.

You may have observed in section 1.1 that each person can place the trend line in a different position, or

in section 1.2 they might choose different points to use when finding its equation. We now consider an

amazing technique called least squares regression that will give us the best possible trend line. The

concept is simple; consider the 5 points in the figure and the vertical distance each is away from the line.

20

18

16

14

12

10

The distances above the line are
regression line: y = 1.14x+ 6.02 9,18 positive and below the line are
negative. The easiest method to
find the best trend line is to square
the distances to remove the
negatives, and then add them to
find the least sum possible, hence

the name least squares regression.
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We are indebted to statistics for the ability to find the perfect trend line, or regression line, without all

the guessing and adding of distances. In section 1.2 you found the equation for the trend line by

considering just two representative points. The amazing thing about the regression line is that it

considers all the points. If you are beginning to like math (and you should be) you can learn how to find

the regression line by hand in a statistics class.

We are going to use one of the powerful

features of the graphing calculator.

See this excellent YouTube video for an animated

demonstration of least squares regression
http://www.youtube.com/watch?v={EEJNzZORK4Q

Everything you need is behind the STAT button on the Tl 83/84 calculator.

Example 1.3.1: Using the Graphing Calculator for Regression

Consider the blood pressure data discussed earlier where we found the
equation y = .69x - 36 by using only the first and last point.

Use regression to find the linear equation to model the data.

Solution:
1. Hit the STAT button

2. Enter the data in EDIT 3. Hit the STAT button

use the EDIT menu x=Liandy=L;
?E! . EFILE TESTS Li Lz L3
: 5ur1~t,ﬁ-: % i |
2:Sori0f S5 | 1
q:Clrlist ser
DiSetlUrEditor | | —————- |
LziE) =

weight (Ibs) Systolic BP
320 185
290 166
272 154
260 144
252 138

CALC then LinReg

4. Find L; and L, above
the 1 and 2 keys

oIT TESTS
f1-War Stats

1 2-War Stats

: Med=Med
LinRea{ax+hl
:QuadRea

E: CubicEeg

7 dHuyartEeg

LinReglax+bhy L1
Lz

Notice this is close to the equation we found by hand ... but much better!
The R-value of .9985 tells us it is a good fit since it is very close to 1.

It can be “turned on” if you didn’t see it on your calculator. Look in the
CATALOG above the 0 key and scroll down to DiagnosticOn.

You can graph the equation and see it passing through the points.
3. Hit the Y= button and 4. Hit the ZOOM button

1. Hit STAT PLOT above
the Y= button

2. Change Plot 1 to
appear as shown

oLl U5
lez LA Lz a
2:Plot2 Off
le=® L1 L2

Z:Plot3. 0ff
==L Lz
dLPlots0f f

Flokz  Flokz
.F

enter your equation

Linked
u=zx+h
a=,6897442873
b=-24.98070729
rE=, 997RL1 9386
=, 9925292227

then ZoomStat

Flokz Flok3
~ME. E96-34. 98
“Me=
M=
“My=
W=
W=
“Wo=

w MEMORY
oom Out
i1Z0ecimal
1 Z25q9yare
Z5tandard
ZTrig
ZInteger
NoomStat

uruamga

B

Final Answer:

y =.69x - 34.9 is a good model where x = weight and y = blood pressure.

For the problems in this section we will reconsider the data (ordered pairs) from the previous sections

and use Tl 83/84 to find the regression line, and then use it to answer predictive questions outside the

limits of our data.
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http://www.youtube.com/watch?v=jEEJNz0RK4Q

Section 1.3

Section 1.3: Problem Set

1. The flow rate in gallons per minute | A |
(GPM) is shown in the table as a l !
function of the horizontal discharge L
distance (A) in inches for various pipe &
diameters.

Round slopes and y-intercepts to 3 decimal places
a) Find the equation for the trend line using the regression feature of your graphing calculator.
Consider the flow rate as a function of distance (A) for the 2 inch diameter pipe.
b) Use your equation to predict the flow rate Flow Rate (GPM)
for a horizontal discharge of 24 inches, Harizontal
accurate to 1 decimal place. Dislta:hﬂe {A) 15 11/4% | 11/2° 2"
ncnes
c) Use your equation to predict the 3 570 580 590 | 2500
horizontal distance (A) for a flow rate of 5 7.0 1220 | 1660 [ 2750
- & 8.50 14.70 20.00 33.00
120 GPM, accurate to 1 decimal place. = T el et
d) Find the slope between 8 and 10 inches g 11.30 1560 | 2650 | 44.00
and explain its meaning in context. g 1280 | 2200 | 2980 | 49.50
10 14,20 24 50 3320 55.50
11 1560 27.00 36.50 60.50
12 17.00 2800 40.00 56.00
13 1820 31.50 43.00 71.50
14 20.00 34.00 46 50 77.00
15 21.30 36 30 50.00 82.50
16 22.70 35.00 53.00 88.00
17 41.50 56.50 93.00
18 6000 99.00
Distance -vs- Flow Rate (2" pipe)
120
100 + //

S 0 | %

2 r

s | /

< i
60

: | ///1

_% a0 |

L I //’

20 | */
0
0 5 10 15 20
Horizontal Distance (inches)
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2.

The Kilowatt-hours (KWH) of electricity a home uses each month

Heating

KWH
are dramatically affected by the temperature difference inside Degree Used
versus outside (measured in degree days). The heating degree Days (HDD)
days are listed in the table from January through December. 714 1799

. : 469 1269
Round slopes and y-intercepts to 3 decimal places
a) Find the equation for the trend line using the regression 386 1160
feature of your graphing calculator. 266 860
b) Use your equation to predict the KHW’s used for a month with 133 804
800 HDD, accurate to 1 decimal place.
c) Use your equation to estimate the HDD for a month that used 62 696
2400 KWH, accurate to 1 decimal place. 7 677
d) Estimate the y-intercept and explain its meaning in context. 5 666
87 736
Effect of Temperature on Electricity Use 354 1071
2500
I 561 1602
2000 3 968 2060
2 EEcae
Z : *
- 1500
@
2 I hd
:g 1000 /
g r/'/ *
<
" 500
[1]
0 200 400 600 200 1000
Heating Degree Days
Prices for the Java Chip Smoothie at the Human Bean are shown in Size (0z.) Price
the table. 3 $3.00
a) Use regression to find the best model for the data. 12 53.50
b) Use your equation to set a fair price for a 32 ounce smoothie. 16 $4.00
c) Find the slope between 8 and 12 ounces and explain its 20 $4.50

meaning in context.




4.

Stem diameter at breast height and the useable volume of a
tree are related, naturally, and of interest to foresters.

Section 1.3

Diameter {cm)

Volume (m’)

7.2 143
7.4 157
Round slopes and y-intercepts to 3 decimal places 7.5 168
a) Find the equation for the trend line using the regression 7.7 178
feature of your graphing calculator. 7.8 183
b) Use your regression equation to predict the volume of a 8.0 133
5.5 cm diameter tree, accurate to 1 decimal place. :'; i;i
c) Use yourregression equation to predict the diameter a B-? 37
tree would need to have a 500 m3 volume, accurate to 2 3.8 248
decimal places. 9.0 61
Tree Diameter -vs- Volume 9.3 272
9.4 278
400
9.6 288
350 Fean 9.8 299
o $22ad 10.1 304
E Pasl 10.3 318
g 20 10.4 327
5 (.y .
S 50 Faan 10.6 340
10.9 349
150 ’/‘{
100
7.0 7.5 2.0 3.5 9.0 95 10.0 10.5 11.0

Diameter (cm)

A tree’s age and volume are related linearly as shown in the graph below.

Round slopes and y-intercepts to 3 decimal places Age Volume (m?)
a) Find the equation for the trend line using the regression 21 143
feature of your graphing calculator. 22 157
b) Use your regression equation to predict the volume of a 15 23 163
. 24 178
year old tree, accurate to 1 decimal place. s 159
c) Use your regression equation to predict the age of a tree " 199
with a 500 m3 volume, rounded to the nearest year. 27 212
28 221
Tree Age -vs- Volume 29 237
400 30 2438
31 261
350 / 32 272
= 300 33 278
E 34 288
1]
E»? / 35 299
° 36 304
> 200 ’
/'ﬂ 37 318
150 —% 38 327
39 340
100
20 25 30 35 40 40 349

Age (years)
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6.

A study conducted in the early 1960’s in 9 counties in northern
Oregon and southern Washington related exposure to the Hanford
nuclear plant and mortality rate. Exposure is an index number
assigned to a county based on its population and proximity to the
contaminated water. Mortality is the rate of deaths per 100,000
man-years.

a) Find the equation for the trend line using the regression
feature of your graphing calculator. Round slope and y-
intercept to 2 decimal places.

Exposure Mortality
2.5 147.1
2.6 130.1
3.4 129.9
1.3 113.5
1.6 137.5
3.8 162.3
11.6 207.5
6.4 177.9
8.3 210.3

b) Use your regression equation to Cancer Mortality Near Hanford Reactor
predict the mortality rate for an 250
exposure index of 18, accurate to the 25 =
o * T
nearest tenth. & 200
. . 1. [T
c) Use your regression equation to £ s et
m
predict the exposure index for a 5 o ’//
> *
mortality rate of 300 (deaths per e o2 e ipe
100,000 man-years), accurate to the *
100
nearest tenth. o 1 2 3 4 5 6 7 8 9 110 1 12 13
Exposure
The winning Olympic discus throw is recorded through the 1900’s - —
rounded to the nearest foot. 1900 118
1904 129
Round slopes and y-intercepts to 2 decimal places 1508 134
1912 148
a) Consider 1900 to be year 0 and find the equation for the trend 1920 127
line using the regression feature of your graphing calculator. 1924 151
b) Use your regression equation to predict the winning throw at 1528 155
the 2020 Olympics, accurate to the tenth place. i::é izz
c) Use your regression equation to predict the year the winning 1943 173
throw will reach 280 feet, accurate to the nearest year. 1352 181
1956 185
.. . . 1960 194
Winning Discus Throw at Olympics 564 200
240 1968 213
03 + 1972 211
2 220 + T 1976 221
e 500 = 1980 219
[y {4/ 1984 219
= 180 " *
2 -
0 160
= A4 //
En 140
= /
£ 120
=
100
0 10 20 30 40 50 60 70 80 a0
Number of Years After 1900




Consider the price list for rectangular tarps of different
sizes.

Round slopes and y-intercepts to 4 decimal places

a) Find the area of each tarp in the chart (area of a
rectangle is length times width).

b) Find the equation for the trend line using the
regression feature of your graphing calculator.

c) Use your regression equation to calculate the price
for the 20’ x 24’ tarp to the nearest dollar.

d) Use your regression equation to calculate the price
for the 24’ x 30’ tarp to the nearest dollar.

Download speeds for data are increasing with technological
advances. The speeds are recorded in the table for each month

in 2009.

Round slopes and y-intercepts to 2 decimal places

a) Find the equation for the trend line using the regression

feature of your graphing calculator.

b) Use your regression equation to predict the month the

download speed will reach 11,000 Kb/s.

c) Use your regression equation to predict the download

speed at month 24 (the end of 2010), answer to the
nearest Kb/s.

Section 1.3

Dimensions Area Price
5'x7 S4
6’ x 8 S5
8’ x 10’ S8

10’ x 12’ S11
12’ x 14’ S15
16’ x 20’ $S26
20’ x 24’
24’ x 30’
Month Speed (Kb/s)
1 7028
2 7056
3 7278
4 7866
5 8188
6 8265
7 8355
8 8529
9 8694
10 8844
11 9183
12 9332

Download speeds each month in 2009

10000

9500 F

./‘%

9000 E —

r/ﬁv

8500

Speed (kb/s)

7500 F

7000 F

6500 -+

Month

12

13
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10. Upload speeds for data are increasing with technological advances.

Consider the year 2000 to be year 0.

a) Find the equation for the trend line using the regression feature
of your graphing calculator.

Year Speed (Kb/fs)
2008 1029
2009 1728
2010 2207
2011 2705

b) Use your regression equation to predict the upload speed in 2015 rounded the nearest Kb/s.

c) Use your regression

equation to predict the

year the upload speed
will reach 6000 Kb/s.

3000

Upload Speeds Each Year

g

7

=
8

o

g

Speed (kb/s)

1000 +

10 1

Year

12

11. Smoking rates for adults have been declining over the last couple of decades. Consider 1990 to

be year 0.
Year Percent
Round slopes and y-intercepts to 3 decimal places 1990 25.5
a) Find the equation for the trend line using the regression 1593 25.0
feature of your graphing calculator. 159 24.7
b) Use your regression equation to predict the percent of adult 122; i:;
smokers in 2018 to the nearest tenth of a percent. 2001 7.8
c) Use your regression equation to predict the year the smoking 2002 225
percentage will reach 10%. 2003 21.6
2004 20.9
Percent of Adult Smokers 2005 20.9
28.0 2006 20.8
S 2007 19.8
wn 26.0
2 + 2008 20.6
a
8 200 \'\ T 2009 20.6
vy
2 \{-i 2010 19.3
ERZ — 2011 18.9
-4 * 4
6 200 Nw 2
o
£
£ 18.0
=]
z
16.0
] 5 10 15
Year




12. Health costs are steadily rising in the United States. Consider 1990 as year 0.

Round slopes and y-intercepts to 3 decimal places

a) Find the equation for the trend line using the regression feature

of your graphing calculator.

b) Use your regression equation to predict the health expenditure

in 2018, rounded to the nearest dollar.

c) Use yourregression equation to predict the year the health

expenditure will reach $10,000 per person.

U.S. Health Expenditures Per Capita
$9,000 -
$8,000 ‘ ==
8 : o
= $7,000 | :
& $6,000 : ‘/¢
7 : 1
g %m0t 1
£ 5,000 - F =
o ==
T 43,000
52,000 :
4 6 a8 10 12 14 16 18 20 22
Year

13. Smoking rates for students have been declining. Consider 1990

as year 0.

Round slopes and y-intercepts to 3 decimal places

a) Find the equation for the trend line using the regression

feature of your graphing calculator.

b) Use your regression equation to predict the percent of

student smokers in 2020, accurate to the hundredth place.

c) Use your regression

Section 1.3

Year Expenditure
1995 53,748
1996 53,900
1957 54,055
1938 54,236
1939 54,450
2000 54,703
2001 85,052
2002 55,453
2003 55,989
2004 56,349
2005 56,728
2006 57,107
2007 57,482
2008 57,760
2009 57,990
2010 58,233
2011 S8,608
Year Percent
1397 36.4
1999 34.8
2001 28.5
2003 21.9
2005 23.0
2007 20.0
2009 19.5
2011 18.1

equation to predict the

S
=

Percent of Students Who Smoke

year the smoking
percentage will reach

*

W
)
=)

14%.

.

s
=

S
=

Number of Student Smokers (%)
& 3
=] =]

S
=

(1]
-~
=]

11

13
Year

15 17 19

21 23
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14. Starbucks drinks are predictably more expensive for larger
sizes.

Round slopes and y-intercepts to 3 decimal places
a) Find the equation for the trend line using the regression
feature of your graphing calculator.

Size (ounces) Price (5)
g £4.00
12 54.45
16 55.25
20 55.65

b) Use your regression equation
to estimate the price

Starbucks - Pumpkin Spice Latte Prices

$6.50
Starbucks should charge for a .

6.00
28-ounce latte.

. . $5.50 =
c) Use your regression equation = s
to estimate the size a drink Lo
should be if Starbucks wants $a.50 ;
to charge $6.25, rounded to $4.00
the nearest ounce. ¢3.50
[ 8 10 12 14 16 18 22 24

d) State the slope and y-
intercept and explain their

Drink Size (ounces)

meanings in context.

15. The suicide rate in the United States has been on the rise in
the past couple of decades. Consider 2000 as year 0.

Round slopes and y-intercepts to 3 decimal places

a) Find the equation for the trend line using the regression
feature of your graphing calculator.

b) Use your regression equation to estimate the suicide rate
in 2018, rounded to the tenth place.

c) Use your regression equation to predict the year the U.S.
suicide rate will reach 14 per 100,000 people, rounded to
the nearest year.

d) Calculate the x-intercept and explain its meanings in
context.

U.S. Suicide Rate

&
%3]

8
[=]

B
W

B
[=]

=
=
©n

[
-
o

Suicides per 100,000 people
*

\

£ 8
[=]

[=]
(¥
I
(=

8 10 12 14 16 18 20
Years after 2000

Suicides per
Year
100,000

2000 10.4
2001 10.7
2002 10.9
2003 10.8
2004 11.0
2005 10.9
2006 11.0
2007 11.3
2008 11.6
2009 11.7
2010 12.1
2011 12.3
2012 12.5
2013 12.6




16. The obesity rate in Oregon has been on the rise in the past couple of

decades. Consider 1990 as year O.

Round slopes and y-intercepts to 3 decimal places

a)

b)

Find the equation for the trend line using the regression feature
of your graphing calculator.

Use your regression equation to estimate the obesity rate in
2021, rounded to the tenth place.

Use your regression equation to estimate the year Oregon’s
obesity rate reached 17%, rounded to the nearest year.

Section 1.3

Oregon Obesity Rate

35.0

30.0

pogss

/'
-

0 5 10 15 20 25 30
Years after 1990

17. The number of alcohol-related traffic deaths in Oregon has been
declining in the last decade. Consider 2000 as year 0.

Round slopes and y-intercepts to 3 decimal places

a)

b)

Find the equation for the trend line using the regression feature of

your graphing calculator.

Use your regression equation to estimate the number of deaths
Oregon could expect in 2015, rounded to the nearest whole
number.

Use your regression equation to estimate the year Oregon can
expect to drop to 100 deaths, rounded to the nearest year.

Oregon Alcohol-Related Traffic Fatalities
220
*

200
E - .
™ 180 E—
§ E===
“E 160
2 [
E 140 .
=2 \\

120

100

0 2 4 [ 8 10 12 14 16
Years after 2000

Year Obesity Rate
(%)
1990 11.2
1995 13.6
2000 19.9
2003 21.5
2004 21.0
2005 22.2
2006 23.3
2007 25.0
2008 23.4
2009 25.0
2010 23.4
2011 268.7
2012 27.3
2013 26.5
Year Deaths
2000 188
2001 130
2002 179
20032 207
2004 199
2003 177
2006 177
2007 177
2008 139
2005 141
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18. The percent of Americans that use the internet are shown in the table.
Consider 1990 as year 0.

Round slopes and y-intercepts to 3 decimal places

a) Find the equation for the trend line using the regression feature of
your graphing calculator.

b) Use your regression equation to estimate the percent of internet
users in 2008, rounded to the tenth place.

c) Use your regression equation to estimate the year America reached
96% internet use, rounded to the nearest year.

American Internet Users

100

90

80
g *
X 70
p + +—
Q 60
(%]
>
E 50 *
E a0 *
(1]
£ =
= 30

20 *

=
10 *
1]
4 (3] 8 10 12 14 16 18 20
Years after 1990

Internet
vear Users (%)
1995 9.2
1996 16.4
1997 21.6
1998 30.1
1999 335.9
2000 43.1
2001 49.1
2002 58.8
2003 6l1.7
2004 4.8
2003 8.0
2000 8.9
2007 73.0




Chapter 2:
Quadratic Relationships

Aricebo Observatory in
Puerto Rico boasts the
largest satellite dish in
the world at 1000 feet

in diameter.

Most satellite dishes
are rotated parabolas,
which is the geometric
shape for a quadratic
equation. They
possess the unique
quality of collecting a
signal and focusing it
at a single point above
the dish. It is likely
that you have one of
these on your house
right now collecting

your television signal.

\ J




Chapter 2
There are two useful applications for the inimitable quadratic equation:

1. Collecting and sending radio, television, sound and light waves
2. Modeling data that reaches a maximum or minimum

Let’s reconsider the real estate application that has a minimum:

Example: Tracking Home Value
Consider the value of a family home for each of the first 6 years of ownership. Use the regression

feature of your graphing calculator to find a quadratic equation to Year Home Value
model the data. Use your equation to predict the value of the (in thousands $)
home in year 9. 1 186
2 162
: : - : 3 148
You may have fallen into a pattern assuming all data is linear since 4 121
that was our focus in chapter one. The graph clearly shows the 5 142
shape of this data would not be modeled very well by a line. 6 154

This type of curve is called a parabola which is modeled by a

quadratic equation of the form y = ax? + bx + c.

Home Value
Notice the equation has an exponent of 2. | like 200

to think of the exponent as relating to its shape 150 y=4.3x? - 36.5x + 218.2
in that it moves in 2 directions, (especially since 0
more advanced math courses will show that an
equation with an exponent of 3 will have a
graph moving in 3 different directions).

170
160
150
140
130
120
110

Value in thousands of dollars

Solution:

100
First, enter the data into your 0 1 2 3 4 5 6 7 8 5

calculator behind the STAT Year
button exactly as you did in

chapter 1.

Second, this time choose “QuadReg” in the CALC menu which is short for quadratic
regression since this data is modeled by a curve with 2 changes of direction. You should
get the same equation that you see listed on the graph (rounded to the tenth place).
Third, now replace the x with 9 and consider the order of operations (PEMDAS).

y =4.3(9)2—36.5(9) +218.2 substitute 9 for x

y =4.3(81) —36.5(9) + 218.2 exponents first

y =348.3-328.5+218.2 multiplication next

y =238 add/subtract from left to right

Final Answer: The house will be worth around $238,000 in year 9.

& Note: this prediction assumes the market value continues on this pattern upward. It would
not be at all unusual for the housing market to change pattern before then.

44




Section 2.1

Let’s examine a generic quadratic equation and find its graph:

Find some ordered pairs then graph the equation: y=-2x>-4x+6

You are free to pick any value for x.
Remember to consider the order of

operations when simplifying
(PEMDAS).
y=-2x2-4x+6 let x = -4 A
y=-2(-4)>-4(-4)+6  replace x with -4 ',n' '1|
y=-2(16)-4(-4) + 6 exponents first )
y=-32+16+6 multiplication next X
y=-10 add from left to right | !
| |
I |
f 1
X y
-4 | -10 $ &
-3 0
-2 6
e i "
0 6
1 0 A partial list of ordered pairs is shown in the table.
2 -10
3 -24

We often choose whole numbers for x to make the calculation easier.
Can you replace x with 1.5 and get- 4.5 for y? Notice (1.5,-4.5) is also on the graph.

Can you replace x with % and get 2 % for y? Notice (é, 2 %) is also on the graph.

o Remember that we add the curve based on the pattern we see in the ordered pairs.
The curve represents the infinite number of solutions to the equation.

o The graph has two x-intercepts: (-3,0) & (1,0)

The graph has one y-intercept: (0,6)

The graph has a maximum: (-1,8)

Some graphs will have minimums. This “turn around point” is formally referred to as
the vertex whether maximum or minimum.

o Notice that the positive value for “a” in the home value example produced an upward
facing parabola, while the graph of y = -2x? - 4x + 6, having a negative value for ”a”, produced
a downward facing parabola.
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Now a practical problem:

Example 2.1.2: Graphing a Quadratic Equation

Year Morning Papers
Consider the data regarding the number of morning newspaper 1940 380
companies in the United States since 1940. 1945 330
1. Find and interpret the slope from 1940 to 1945. 1950 322
2. Find and interpret the slope from 1950 to 1955. 1955 316
3. Find and interpret the slope from 1990 to 2000. 1960 312
4. Graph the data. 1965 320
5. Estimate the vertex and explain its meaning. 1970 334
6. Add a trend “line” and make a prediction for the number of 1975 339
companies in 2020. 1980 387
1985 482
Solution: 1990 559
330-380 -50 _ —10 .
1. Toas—1020 = 5 = 7 Meaninga decrease of 10 1995 656
papers per year during this period of time 2000 766
2. 31e-3zz _ 6 _ 12 , meaning a decrease of about 2005 817
1 paper per year during this period of time
3. 7667359 _ 207 _ 207 , meaning an increase of about 21 papers per year during this
2000—-1990 10 1
period of time
4. See graph American Morning Newspapers
1000
» 900 +
ué. 800 . *
< 700 .
5. The vertex appears to be £ s00 .
about 1960 when there S 500 .
q = 400 *
were 312 morning ; “00 AP RPUPN
newspaper companies. 2 200
This is the least number of Z 100
companies in American 0
. 1930 1940 1950 1960 1970 1930 1990 2000 2010 2020
history. Year
6. The trend would indicate American Morning Newspapers
that there will be about 1200
1200 morning newspaper E,_
companies in 2020. The & 1000
-]
phrase “trend line” will be £ 800
used in every section even g 600
though it may not actually "f 200
be a line. é
= 200
=
0
1930 1940 1950 1960 1970 1980 1990 2000 2010 2020
Year
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Section 2.1: Problem Set

1. American newspaper circulation enjoyed continuous growth

. , . Year Circulation
until the 1970’s where it roughly leveled off then began a steady 1940 41132
decline in the 1990’s, presumably due to the internet. 1945 48384

1950 53829
a) Make a graph of the data (use graph paper, label 1955 6147

completely, and choose the correct axis for the 1960 58882

independent(x) and dependent(y) variables). 1965 60358
b) Find the slope between 1940 and 1945. Explain the 1970 62108

meaning of the slope in context. 1975 60655

c) Find the slope between 1960 and 1965. Explain the 1980 62202
meaning of the slope in context. 1985 62766

d) Find the slope between 1995 and 2000. Explain the 1990 62378
meaning of the slope in context. 1995 28193

. 2000 55773

e) Add a trend line to the graph. 5005 3345
f) Estimate the vertex and explain its meaning in context. 2011 22421

g) Estimate both x-intercepts and explain their meaning in
context.

2. The apparent temperature or heat index is a measure of how — -
hot it feels despite what the thermometer says. The more Humidity (%) | Heat Index (F')
moisture that is in the air the hotter it will feel. The chart 40 91
shows the heat index for a temperature of 90° as a function of 45 93
humidity. 20 95

55 97

a) Make a graph of the data (use graph paper, label gg 132
completely, and choose the correct axis for the 70 105
independent(x) and dependent(y) variables). 75 109

b) Find the slope between 40% and 50% humidity. Explain 30 113
the meaning of the slope in context. 35 117

c) Find the slope between 90% and 100% humidity. Explain a0 122
the meaning of the slope in context. 95 127

d) Add a trend line to the graph. 100 132
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3.

The number of inmates incarcerated in United States prisons
is shown in the table.

a) Make a graph of the data (use graph paper, label
completely, and choose the correct axis for the
independent(x) and dependent(y) variables).

b) Find the slope between 2005 and 2007. Explain the
meaning of the slope in context.

c) Find the slope between 2009 and 2011. Explain the
meaning of the slope in context.

d) Add atrend line to the graph.

e) Estimate the vertex and explain its meaning in context.

The percent of high school students who smoke is shown in
the table.

a) Make a graph of the data large enough to include 2010
(use graph paper, label completely, and choose the
correct axis for the independent(x) and dependent(y)
variables).

b) Find the slope between 1993 and 1997, accurate to 1
decimal place. Explain the meaning of the slope in context.

Year

Prisoners (in

thousands)
2005 1448
2006 1493
2007 1518
2008 1522
2009 1525
2010 1521
2011 1504
Year Percent
1993 30.5
1995 34.8
1997 36.4
1999 34.8
2001 28.5
2003 21.9

c) Find the slope between 1999 and 2003, accurate to 1 decimal place. Explain the meaning of

the slope in context.
d) Add atrend line to the graph.
e) Estimate the vertex and explain its meaning in context.

f) Estimate the right side x-intercept and explain its meaning in context.




Section 2.1

A satellite dish is a precise mathematical shape (a parabola) that has the property of focusing a

reflected signal at a single point. The scale drawing of a cross section of a 28-foot-wide

parabolic satellite dish is shown on the

graph where each square is 1ft x 1ft. The Y

dish is designed using the equationy =

.04x% + 2. The ordered pair solutions of
the equation become the dimensions N »
necessary to build this amazing device. \

a)

b)

Treat the x-axis as the ground and use
the equation to find the height of the
dish above the ground at the 2 foot

intervals shown on the graph.

Recall that the quadratic equation
y = ax? + bx + c defines the geometric
parabola. It turns out that the focus point is

located a distance ﬁ above the bottom of the

/_Incoming signal
ZIncoming signal

dish. Find this distance for this satellite dish.

£
A

0(‘

Gand

Make the scale drawing of a cross section of a 24-foot-wide parabolic satellite dish where each

square is 1ft x 1ft. The dish is designed using the equation y = .05x? + 3.

a)
b)

List at least 13 ordered pairs. y
Include the focus point on your graph

(refer to the previous question for the

formula).
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7.

The number of African rhinos being poached is rising every year.

a)

b)

d)

f)

Make a graph of the data large enough to include 2018 (use
graph paper, label completely, and choose the correct axis for
the independent(x) and dependent(y) variables).

Find the slope between 2008 and 2010, accurate to 1 decimal
place. Explain the meaning of the slope in context.

Find the slope between 2012 and 2014, accurate to 1 decimal
place. Explain the meaning of the slope in context.

Add a trend line to the graph.

Predict the number of rhinos that will be poached in 2018.

Predict year would you expect the number to reach 2000 rhinos.

The number of Oregonians taking advantage of food stamps is

shown in the table.

a)

b)

Make a graph of the data large enough to include 2016 (use
graph paper, label completely, and choose the correct axis for
the independent(x) and dependent(y) variables).

Find the slope between 2010 and 2011, accurate to 2 decimal
places. Explain the meaning of the slope in context.

Find the slope between 2013 and 2014, accurate to 2 decimal
places. Explain the meaning of the slope in context.

Add a trend line to the graph.

Number of

Year .

Rhinos
2007 13
2008 83
2009 122
2010 333
2011 448
2012 olwls]
2013 1004
2014 1215

Food Stamps

Year

(x1000)
2008 469.2320
2005 281.020
2010 705.020
2011 772.760
2012 815.220
2013 817.570
2014 802.130

Predict the number of Oregonians that will use food stamps in 2015.

The United States national debt is shown in the table.

a)

b)

Make a graph of the data large enough to include 2016 (use
graph paper, label completely, and choose the correct axis for
the independent(x) and dependent(y) variables).

Find the slope between 2001 and 2003, accurate to 2 decimal
places. Explain the meaning of the slope in context.

Find the slope between 2009 and 2012, accurate to 2 decimal
places. Explain the meaning of the slope in context.

Add a trend line to the graph.

Predict the national debt in 2016.

MNational Debt

Year (trillions $)
2000 5.674
2001 5.807
2002 6.228
2002 6.782
2006 8.507
2007 9.008
2009 11.910
2012 16.066
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10. The average shot length for different clubs in the
hands of a low-handicap male golfer are shown in the Club Name Club Angle |Shot Length
table. (deg) (yards)
3-iron 21.0 207
a) Make a graph of the club angle versus shot length 1-iron 54.0 197
data large enough to include a 90-yard shot (use s_iron 27.0 186
graph paper, label completely, and choose the 6-iron 20.5 175
correct axis for the independent(x) and 7-iron 34.0 164
dependent(y) variables). 2_iron 28.0 153
b) Find the slope between the 21° and 24° clubs, 9-iron 42.0 147
accurate to 2 decimal places. Explain the meaning PW A6.0 131
of the slope in context. GW 50.0 120
c¢) Add atrend line to the graph. SW 54.0 109
d) Predict the club angle necessary for a 90-yard shot. Lw 58.0 100
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Section 2.2: Finding Quadratic Equations

Algebra is all about expressing relationships as ordered pairs, graphs and equations. In section 2.1 we
graphed ordered pairs that we were given or found for ourselves from an equation. In this section we
learn how to find the equation from ordered pairs or a graph.

In section 1.2 we learned that there is a direct connection between the graph of a line and its equation.
Miraculously, there is a similar relationship for parabolas. If we graph a quadratic equation in a slightly
different form perhaps you will discover it for yourself.

Example 2.2.1: Graphing a Quadratic Equation

Find some ordered pairs then graph the equation: y=2(x-3)%-8

Solution:
You are free to pick any value for x. Remember to consider the order of operations when
simplifying (PEMDAS).

y=2(x-3)2-8 let x = -1
y=2(-1-3)>-8 replace x with -1
y=2(-4)*-8 parenthesis first Y E
y=2(16) -8 exponents next i
y=32-8 multiplication next
y =24 add/subtract '. ;
RS
A partial list of ordered pairs is PR ! '
shown in the table. 1| 24 X
0 10
1 0 '\\ f,"
2 -6
3 -8 ANV
4 | -6
5 0
6 10

# Note: Remember that we add the curve based on the pattern we see after graphing the
ordered pairs. The curve represents the infinite number of solutions to the equation even
though we only found 8.

Compare the vertex of the parabola (3, -8) with its equation y = 2(x - 3)? - 8.
It turns out that if the equation is in its standard form: y = a(x - h)? + k; that (h, k) will be the vertex. All
that is necessary to find “a” is to substitute some other representative point for x and y and solve for

ou_n

a
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Now a practical problem:

Example 2.2.2: Finding a Quadratic Equation Year | Morning Papers
Consider the data regarding the number of morning newspaper companies 1232 iig
in the United States since 1940. Find an equation by hand to model the 1950 320
data. Then use the equation to predict the number of morning papers 1955 316
there will be in 2025. For simplicity we can consider 1940 to be year 0. 1222 i;é
1970 334
Solution: 1975 339
American Morning Newspapers 1980 387
1985 482
1200 1990 559
1995 656
1000 2000 766
2005 817
800 2011 931

Number of Morning Papers
o
]

Year

Having graphed the data, you can see the point (20,312) is a reasonable estimate for the vertex,
substituting into the equation y = a(x - h)? + k we have: y = a(x - 20)? + 312.
The graph passes through the point (65,817). Substituting we have:

817 = a(65 - 20)? + 312 substitute 65 for x and 817 for y
817 = 2025a + 312 simplifying (65 - 20)?

505 = 2025a subtract 312 from both sides
a=.249 divide both sides by 2025

The equation y = .249(x - 20)? + 312 is a fairly good model for the data.

y =.249(x - 20)2 + 312 year 2025 would mean x = 85
y =.249(85 - 20)? + 312 replace x with 85

y =.249(65)% + 312 parenthesis first

y =.249(4225) + 312 exponents next

y = 1052.025 + 312 multiplication next

y =1364.025 add

Final Answer: If the pattern of growth continues in a similar fashion, there will be approximately 1364
morning newspaper companies in 2025.

Finding an equation by hand using the standard form of a parabola is a confidence builder, but as we

saw in the last chapter using regression is much easier and more accurate.
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Let’s try this again with regression:

Example 2.2.3: Finding a Quadratic Equation

Year Morning Papers
Consider the data regarding the number of morning newspaper 1940 380
companies in the United States since 1940. Use the regression 1945 330
feature of your graphing calculator to find an equation to model the 1950 322
data. Then use the equation to predict the number of morning 1955 316
papers there will be in 2025. 1960 312
1965 320
Solution: 1970 334
For simplicity we can consider 1940 to be year 0. Enter the 15 1975 339
ordered pairs into the STAT feature of your calculator and choose 1980 387
(QuadReg). See if you agree with the equation listed on the graph 1985 487
(rounded to 2 decimal places). 1990 559
. . 1995 656
American Morning Newspapers 2000 -
1200 C0.23,2-813 2005 817
< i y=0.23x*-8.13x + 374.75 2011 931
E‘ 1000 |
-%n 800 & Note: There is nothing
g 600 wrong with leaving the
k] I years as given, but you
E 400 ' get unnecessarily large numbers
5 200 in the equation.
0 : . . . . : . |
0o 10 20 30 40 50 60 70 a0
Year
y =.23x%-8.13x + 374.75 year 2025 would mean x = 85
y =.23(85)% - 8.13(85) + 374.75 replace x with 85
y =.23(7225) - 8.13(85) + 374.75 exponents first
y =1661.75 - 691.05 + 374.75 multiplication next
y = 1345.45 add/subtract from left to right

Final Answer: If the pattern of growth continues in a similar fashion, there will be approximately 1345

morning newspaper companies in 2025.

# Note: The equation from example 2.2.2 can be simplified to look very much like the

equation we found here in example 2.2.3. Ask your instructor to show you.
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Section 2.2: Problem Set

1. The chart shows the inches of drop in a bullet for different length
shots for a particular type of Hornady bullet design.

a) Use regression to find a quadratic equation to model the data,
considering drop as a function of yardage. Round the numbers
in your equation to 4 decimal places.

b) Use your equation to predict the drop for a 215 yard shot,
accurate to 1 decimal place.

c) Use your equation to predict the drop for a 500 yard shot,
accurate to 1 decimal place.

Section 2.2

Hornady XTP 20 gr.
17 HMRE MV=2375

Bullet Drop for Different Shots

=
]
(=]

=
(=]
(=]

Fes

m
a
S 20
£ /
& s 2
o
[a]
-~
9 a0
=l
2 //4//

20 //

1] - __4,_____*“/‘

100 150 200 250 300 350 400

Shot Distance (yards)

Click Size 8.125
Yard Drop Click
188 8.8 8

125 1.2 8
158 3.2 17
175 6.1 28
2688 18.2 1
225 15.3 5%

258 22.6 73
275 N.2 |
g wm1.7 112
325 541 134
358 68.3 157
375 84.9 182
408 183.7 208

2. American newspaper circulation enjoyed continuous growth
until the 1970’s where it roughly leveled off then began a steady
decline in the 1990’s, presumably due to the internet.

a) Consider 1940 to be year 0 and use regression to find a
guadratic equation to model the data. Round the numbers
in your equation to 3 decimal places.

b) Use your equation to predict the circulation in 2020.

American Newspaper Circulation

70

g
*

Tt
R

P ,

Circulation {(x 1000)

\S

0 10 20 30 40 50 60 70 80

Circulation (in
Year

thousands)
1940 41.1
1945 48.4
1950 53.8
1955 56.1
1960 58.9
1965 60.3
1970 62.1
1975 60.7
1980 62.2
1985 62.8
1990 62.3
1995 58.2
2000 55.8
2005 53.3
2011 44.4
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3.

The apparent temperature or heat index is a measure of how hot

a)

b)

a)

b)

_ _ _ Humidity (%) | Heat Index (F°
it feels despite what the thermometer says. The more moisture 20 = ;1“{ )
that is in the air the hotter it will feel. The chart shows the heat 5 93
index for a temperature of 90° as a function of humidity. 50 95
55 97
. ) . , 60 100
Use regression to find a quadratic equation to model the
65 103
data. Round the numbers in your equation to 4 decimal 0 105
places. 75 109
Use your equation to predict the heat index at 85% humidity. 80 113
Heat Index (at 90°) Based on Humidity
115
r />
- 110
(T 5
. i
[ r /
& 105
7] N
@ L
= b /
= 100 —
L]
-]
£ 95
=
T 9 3
85
30 40 50 60 70 80 [0
Humidity (percent)
The number of inmates incarcerated in United States prisons is
. Prisoners (in
shown in the table. Year thousands)
2005 1448
Consider 2000 to be year 0 and use regression to find a 2006 1493
. . . 2007 1518
guadratic equation to model the data. Round the numbers in 008 o0
your equation to 2 decimal places. 2009 1525
Use your equation to predict the number of prisoners in 2020. 2010 1521
2011 1504
U.S. Prison Population
1540 =
& 1530 £
Q E &> T
3 1520 - +
:1510 f
s 1500 s \‘r
v -
§ 1490 E "/
E 1480 ;
‘c E /
E 1470 F /
£ E
1460
E™" 7
Z 1450 ¢
1440 £
] 1 2 3 4 5 6 7
Year
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The percent of high school students who smoke is shown in
the table.

a) Consider 1990 to be year 0 and use regression to find a

guadratic equation to model the data. Round the

numbers in your equation to 2 decimal places.

b) Use your equation to estimate the percent of students

Year Percent
1993 305
1995 34.8
1997 36.4
1999 34.8
2001 28.5
2003 219

who smoked in 1988.

Percent of Students Who Smoke

38.0
36.0 —_
¥ 3.0 \t
Y320
g e
O 30.0
£ &
U 280
g S
o 26.0
§ 24.0 \
22.0 .
20.0
0 2 4 6 8 10 12 14
Year
With zero immigration and declining birth rates, Japan’s working-
age population has declined sharply since 1995. Year after | Million
1570 Persons
a) Consider 1970 to be year 0 and use regression to find a 1] 71
guadratic equation to model the data. Round the numbers in 5 75
your equation to 2 decimal places. 10 78
b) Use your equation to estimate the population of working age 15 282
people in 2020. 20 85
Working Age Population: Aged 15-64: All Persons for Japan (LFWAG4TTIPME47S) 25 87
Source: Organisation for Economic Co-operation and Development 30 g7
88 Mil - 35 85
B6 Mil 4[} 82
B4 Mil -
B2 Mil -
_ soMilf
E 78 Mil -
£
76 Mil |
74 Mil -
72 Mil [~
?0 Mil 1 1 1 1 1 1 1 1
1970 1975 1980 1985 1990 1995 2000 2005 2010
FRED o 2013 research.stlouisfed.org
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7.

r———

The golden gate is a suspension bridge where the road is
supported by equally spaced cables hanging from a large
parabolic cable, which is itself supported by 2 large towers.

a) Use the dimensions below (measured in feet) to find 3
ordered pairs that define the parabola, then regression

to find the equation for the parabola, accurate to 6
decimal places.

b) Use the equation to find the lengths of the 7 hanging cables between the left tower and the
40 foot center cable. Round to 2 decimal places.

i—- 4600 -—i

58

—m 500

place oriain here

A bridge is to be supported by 9 evenly spaced vertical
columns resting on a parabolic concrete arch. Choose
an origin, find an equation the parabola based on the
dimensions (round decimals to 7 places); and find the
lengths of the 9 vertical columns (round decimals to 1
place).

I =il
L Iyl
|

=

=
—== 20 ft

i

- 340 ft ——————— ==




9. A parabolic satellite dish is to be built 42 meters wide and 54 meters deep.

a)

b)

Section 2.2

Find the length of a support that is 12 meters away from the vertex, accurate to the

hundredth place.

Find the height of the focus above the vertex, accurate to the hundredth place. Recall that

o . 1 .
the focus point is located a distance a above the bottom of the dish.

54 m

42 m —‘

10. The volume of a tree can be estimated knowing its height.

Height (ft) Volume (BF)
Lumber is commonly measured in board feet (one board foot is 12 6.8
12”7 x12” x 1”). 20 15.0
26 22.3
a) Use regression to find a quadratic equation to model the i; ii'z
data. Round the numbers in your equation to 3 decimal =0 5?.5
places. 60 74.8
b) Use your equation to predict the number of board feet a 90 75 102.9
foot tree would be expected to have. Round to the nearest
board foot.
Tree Height -vs- Volume
120
100
=
a
&£ g0
=]
: ce
8 © 4
: L
5 /
K=
> o=
//
0
0 10 20 30 40 50 60 70
Height (ft)
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11. The number of African rhinos being poached is rising every year.
Consider 2000 as year 0.

a) Use regression to find a quadratic equation to model the data.

Round the numbers in your equation to 3 decimal places.
b) Use your equation to predict the number of rhinos expected
to be poached in 2019. Round to the nearest rhino.

Rhino's Poached in South Africa

N

=
=

~

3
1000 + /

L

Number of Rhinos
&
8

500

d.//‘.

6 8 10 12 14 16 18
Years after 2000

Year Num.ber of
Rhinos
2007 13
2008 83
2009 122
2010 333
2011 448
2012 olwls]
2013 1004
2014 1215

12. The unemployment rate in the United States has been declining
every year since 2010. Consider 2000 as year 0.

a) Use regression to find a quadratic equation to model the data.

Round the numbers in your equation to 3 decimal places.
b) Use your equation to predict the percent unemployment in
2020. Round to one decimal place.

Year Unemployment
(%)
2010 9.623
2011 8.942
2012 8.065
2013 7.372
2014 6.155
2015 5.267
2016 4.699
2017 4.695

Unemployment Rate in America
10

~

Unemployment (%)
~

10 11 12 13 14 15 16 17 18
Years after 2010
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13. The number of Oregonians taking advantage of food stamps is
Y Food Stamps
i i ear
shown in the table. Consider 2008 as year 0. (x1000)
' ' _ _ 2008 469.320
a) Use regression to fln.d a quadratlc.equatlon to. model the data. 5009 531.030
Round the num.bers in you.r equation to 2 decimal pI.aces. . 5010 705.030
b) Use your equation to predict the number of Oregonians using 2011 772.760
food stamps in 2017. 2012 215.220
c) Use your equation to predict the number of Oregonians using 2013 217.570
food stamps in 2007. 2014 802.190
Oregonians Using Food Stamps
900
850 F
800 —
750 + /'/
a 700
-]
£ 650
=
= 600 E
550 /
mu 4/
450
400
0 1 2 3 4 5 [ 7 8
Years after 2008
14. The number of US cell phone subscribers is shown in the table. Subscribers
Consider 1990 as year 0. Year (millions)
1950 2.28
a) Use regression to find a quadratic equation to model the data. 1991 7.55
Round the numbers in your equation to 3 decimal places. 1992 11.03
b) Use your equation to predict the number of subscribers there 1993 16.00
will be in 2011. Round to the nearest million. 1994 24.13
1995 33.75
US Cell Phone Subscribers 1996 44.04
350 1997 25.21
200 7 1998 69.20
2o r/,//‘ 1999 86.04
. / 2000 109.47
é 200 /,/ 2001 128.37
3 150 = 2002 140.76
100 /0/ 2003 158.72
“ ‘,‘/‘ 2004 182.14
Mr"/‘ 2005 207.89
0 ' ' ' ' 2006 233.00
i} 2 4 6 8 10 12 14 16 18 20
Years after 1990 2007 262.70
2008 276.61
2009 300,52
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15. United States energy production is shown in the table. Consider 2000 as year 0.

a) Use regression to find a quadratic equation to model the data.

Round the numbers in your equation to 3 decimal places. Year BTU
. . . . (quadrillions)
b) Use your equation to estimate US energy production back in
1998. 2001 71.74
2002 70.71
US Energy Production 2003 69.34
20 2004 70.23
/" 2005 09.43
78 + 2006 70735
2007 71.42
" 2008 73.23
g ? 2009 72.67
Sn
= 4 2010 74.79
5 +
S B 01 [ 7521
E o \“-».,_‘_ | + i
[=+] . 4
+
68
1] 2 4 6 8 10 12
Years after 2000
16. The United States national debt is shown in the table. Consider oo National Debt
2000 as year 0. {tri"iDl’IE $]
2000 5.674
a) Use regression to find a quadratic equation to model the data. 2001 5.807
Round the numbers in your equation to 3 decimal places. 2002 6.228
b) Use your equation to predict the national debt in 2020. 2003 6.783
Round to the nearest billion. 2006 8.507
2007 9.008
US National Debt 2003 11.310
20 2012 16.066
18
16
w1
g
21 =
-E- 10
§ ) /ﬂ/
E v
a
1] 2 4 [ 8 10 12 14
Years after 2000
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17. The number of rape cases in the United States is shown in the Rape Cases
table. Consider 2000 as year 0. Year (thousands)
2003 93.883
a) Use regression to find a quadratic equation to model the data. 2004 95.089
Round the numbers in your equation to 3 decimal places. 2005 94.347
b) Use your equation to predict the number of rape cases in 2006 94.447
2018. Round to the nearest case. 2007 592.610
2008 90.730
US Rape Cases 2005 89.241
100 2010 85.593
2011 84.175
95 s 2012 §5.141
*
2013 79.770
g w S8
S RES
x
8 a5 > Y
S
80 .\
75
2 4 6 8 10 12 14
Years after 2000
18. The death rate for Alzheimer’s patients in the United States is
i ) year Deaths per
shown in the table. Consider 2000 as year 0. 100,000
_ _ _ _ 2000 667.7
a) Use regression to fm‘d a quadratlc.equatlon to' model the data. 5001 7954
Round the numbers in your equation to 3 decimal places. 2002 790.9
b) Use your equation to predict the number of Alzheimer’s deaths 2003 246.8
per 100,000 that could be expected in 2018. Round to the 2004 975.3
tenth. 2005 935.5
2006 923.4
US Alzheimer Death Rate (age 85+) 2007 928.7
1050 2008 1002.2
1000 S 2009 945.2
5 950 5 : - “‘l\\'\ 2010 987.1
L 3
§- 900 2011 967.1
g 4
5 850 2012 936.1
= a0 r/-/ 2013 929.5
<£=
E 750 /
a /
700
1%
650
1] 2 4 b 8 10 12 14
Years after 2000
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19. The average shot length for different clubs in the
hands of a low-handicap male golfer are shown in the Club Name Club Angle |Shot Length
table. (deg) (yards)

3-iron 21.0 207

a) Use regression to find a quadratic equation to 1-iron 54.0 197

model the club angle versus shot length data. s_iron 27.0 186

Round the numbers in your equation to 3 decimal 6-iron 20.5 175

places. 7-iron 34.0 164

b) Use your equation to predict the length of shot for 2.iron 38.0 152

a 17° loft angle club. 9-iron 472.0 142

PWw 45.0 131

GW 50.0 120

SW 54.0 109

LW 58.0 100

Golf Club Yardages

210

” EEi

170 a

o e
EEaSS

130 e

110 \

Shot Length (yards)

20 25 30 a5 40 a5 50 55 60 65
Club Angle (deg)
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Section 2.3: Using Quadratic Equations

Algebra is all about expressing relationships as ordered pairs, graphs and equations. In section 2.2 we
used regression to find an equation from ordered pairs then used the equation to find a new ordered
pair that represented a prediction for the future. In every case our prediction involved finding the y-
value when x was known, which only required us to know the order of operations. In this section we
tackle the surprisingly complicated problem of finding the x-value when the y is known.

Months are required in typical algebra courses to provide the background necessary to completely
understand and even create the tool that will allow us to navigate this challenge. There are no
shortcuts, however, so we will only look into it enough to get the basic idea.

Consider the equation: y = x? - 6x + 9 and suppose we wish to know the value(s) of x that will let y = 16.
We could just guess until we get

lucky. / \
(5)%-6(5)+9=4 guess 5 ... no!

(2)%-6(2)+9=1 guess 2 ... no!

(8)%-6(8)+9=25 guess 8 ... no!
(7)%-6(7)+9=16 guess 7 ... yes!

Guessing is a waste of time and will not be very accurate
when x is a decimal, and mathematicians, in an admittedly

Qrange reversal of fortunes, consider guessing to be nerdy. /

We could try to solve it using [
normal algebra techniques:

~

16 =x%-6x+9 replace y with 16

7 = x% - 6x subtract 9 from both sides
Now we hit a wall. There are two x’s in the equation that we cannot
collect together. Solving for x requires that we isolate x, which is

impossible to do in this way.

J

Mathematicians devised a

brilliant solution, by noticing that you can factor x? - 6x + 9 as a perfect square, just like you can factor 36

(66 or 6% = 36).
/(x— 3)(x-3)=x%-3x-3x+9 distributive law is important here \

x2-6x+9 collecting like terms

x>-6x+9=16 our problem

(x-3)(x-3)=16 factor x* - 6x + 9

(x-3)?=16 both factors are the same so we can use
exponents to rewrite it and have only one x

X-3=14 take the square root of both sides

x=3+4o0rx=3-4 add 3 to both sides

Qz 7or-1 one of which we guessed earlier /
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This problem was very canned in that it was easy to take the square root of 16, and x? - 6x + 9 factored

into a perfect square. If the 9 is changed to an 8, for instance, x? - 6x + 8 only factors to (x - 4)(x - 2),

which is not helpful.

Months are spent getting good at factoring and learning how to modify expressions so they will factor
into perfect squares (a process known as completing the square). If you get good enough that you can

factor and complete the
square with letters instead of
numbers, you arrive at the
proverbial mountain top; the
most holy quadratic

formula, one of the most
beautiful results ever created
by mathematicians.

4 N

When an equation is in the form ax®> + bx + c =0, where a, b & ¢

The Quadratic Formula:

are any numbers, the formula to solve for x is:

—b++/b%2—4ac
X =
2a

Notice the equation we start with must equal 0 for this to work.

The Quadratic Formulas is one of the true gems of algebra. We
no longer have to factor and complete the square, since we have

Qne it once and for all with letters instead of nhumbers. /

American Newspaper Circulation

Circulation (x 1000)
8 8 8 &8 & =3

=
o

o

Quadratic equations typically have 2 solutions;
one using the + sign and one using the - sign in the
guadratic formula. Notice in the trend line that
there were two years when American newspaper
circulation was at 50 (thousand).

Let’s return to the equation x% - 6x + 9 = 16, where
we already learned that x =7 & -1, and use the

Year

1930 1%40 1950 1%60 1970 1980 1950 2000 2010 2020

quadratic formula to arrive at the same result:

Example 2.3.1: Using the Quadratic Formula

Solve: x2-6x+9=16

Solution:
X?-6x-7=0
- —(=6)£(=6)2—4(1)(=7)
2(1)
_ —(=6)+V64

X= 2

648
X=—

2

X = 14 and -2

2 2
x=7andx=-1

Final Answer: x=7 &-1

subtract 16 from both sides
substitutea=1,b=-6,c=-7
simplifying inside the square root
simplifying V64 and -(-6)

evaluating6 +8 and 6 - 8
dividing
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Let’s try an example that doesn’t come out as clean:

Example 2.3.2: Using the Quadratic Formula
Solve: 3x%+12x -3 =27

Solution:

3x2+12x-30=0 subtract 27 from both sides

x = 12 (122)(23_)4(3)(_30) substitutea=3,b=12,c=-30

X = %«/574 simplifying inside the square root

X = # evaluating \/504 with a calculator

X = %’45 and _3:45 evaluating -12 + 22.45 and -12 - 22.45
x=1.74 & -5.74 dividing

Final Answer: x=1.74 & -5.74

# Note: Square roots often result in irrational numbers (non-terminating decimals without
pattern) that must be rounded. It is a good practice to use the approximately equal sign (=)
to alert others, and remind yourself, that your answer is an approximation.

If you plug 1.74 into the original problem 3(1.74)% + 12(1.74) - 3, you get 26.9628, which is close to 27.

The vertex is a very interesting point on a parabola, as it represents the maximum or minimum. The
vertex is unique in that it is the only point on the graph that has a y value for which there is only one x

value.
10
It can be found algebraically by reconsidering the
. —-b+Vb2-4 .
guadratic formula: x = _Tac . The plus and minus

sign in the formula generate two answers.

The formula will produce one value if b? - 4ac = 0.

The vertex formula takes advantage of this observation:

/ The Vertex Formula: \

The x-coordinate for the vertex in a quadratic

o = N W b OO O N 0w O

equation of the form y = ax? + bx + ¢, is found with
the formula:

x_—b
_Za

Substitute the value for x back into the equation to

Q’\d the y-coordinate. /
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Now a practical problem:

Example 2.3.3: Using the Quadratic Formula
Consider the data regarding the number of morning

American Morning Newspapers
newspaper companies in the United States since 1940,

1200

y=0.23x? - 8.13x + 374.75

where 1940 is considered to be year 0.

1000

a) Find the year(s) when the number of morning

]
=3
=3

papers is 1200.
b) Find the vertex and interpret its meaning in

e
=)
=3

Number of Morning Papers
L-1]
g

context. 200
0 10 20 30 Y::r 50 60 70 30
Solution a):
y =.23x% - 8.13x + 374.75
1200 = .23x? - 8.13x + 374.75 replace y with 1200
.23x%-8.13x - 825.25=0 subtract 1200 from both sides
—(— — 2_ —
X = (-8.13)+/( 8'2123)4('23)( 825.25) substitute a=.23, b =-8.13, c =-825.25
X = % simplifying inside the square root
X = %28'73 simplifying v825.33 with a calculator
X z% and _1%6 evaluating 8.13 + 28.73 and 8.13 - 28.73
x=80.13 & -44.78 dividing

Final Answer: 80.1 years after 1940 (notice this looks reasonable on the graph) = 2020.1
44.8 years before 1940 = 1895.2

# Note: Again this assumes that the pattern continues in the past and future based on the
data. In this case it would be realistic to accept that there will be 1200 newspapers in 2020
but perhaps unrealistic to think there were that many in 1895.

Solution b):
= ;—s vertex formula
(G a=.23,b=-8.13
2(.23)
x=17.7 simplifying
y=.23(17.7)%-8.13(17.7) + 374.75 substituting the value for x back into the original equation
y =303 simplifying

Final Answer: The vertex is at the point (17.7,303) ... which is verified by the graph. Meaning that late
in the year 1957 the country reached a minimum of about 303 paper companies.
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Section 2.3: Problem Set

1. The chart shows the inches of drop in a bullet for different length shots

Section 2.3

for a particular type of Hornady bullet design. Hornady XTP 20 gr-
17 HMR MV=2375
; ; ; ; Click Size @.125
a) Use regression to find a quadratic equation to model the data, vard Drop Click
considering drop as a function of yardage. Round the numbers in 168 8.0 5}
. . 125 1.2 8
your equation to 4 decimal places. 158 3.2 17
b) Use your equation to predict the drop for a 170 yard shot, accurate ;Eg 1'53-; i?
to 1 decimal place. 995 15.3 55
. . 258 22.6 73
c) Use your equation to estimate the yardage of a shot that dropped o7 21.2 94
140 inches, accurate to 1 decimal place. 3g8 1.7 112
325 54.1 13y
. 358 68.3 157
Bullet Drop for Different Shots 975 g4.0 182
120 488 183.7 288
100 *
3 Rt
g 7
8 o0 A
a
5w
5 //
=]
20 /"
0 + ESES s
100 150 200 250 300 350 400
Shot Distance (yards)
2. The apparent temperature or heat index is a measure of how -
. . Humidity (%
hot it feels despite what the thermometer says. The more um'm'}ﬂ )| Heat ";jex (F)
moisture that is in the air the hotter it will feel. The chart shows At 3
the heat index for a temperature of 90° as a function of 50 g5
humidity. 55 97
60 100
. . . . 65 103
a) Use regression to find a quadratic equation to model the - 05
data. Round the numbers in your equation to 3 decimal 75 109
places. 80 113

b) Use your equation to predict
the humidity required for a

-
[
w

Heat Index (at 90°) Based on Humidity

heat index of 125° F, accurate

=
=
o

to 1 decimal place.

/b

=
o
(]

L

s

Heat Index (F°)
g

w
=]

]
]

w
(=]

40 50 60

70 80

Humidity (percent)

£l
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3.

American newspaper circulation enjoyed continuous growth until

Year

Circulation (in

the 1970’s when it roughly leveled off then began a steady decline thousands)
in the 1990’s, presumably due to the internet. 1940 41.1
1945 48.4
. . ) 1950 53.8
a) Consider 1940 to be year 0 and use regression to find a Py o1
quadratic equation to model the data. Round the numbers in 1960 53.9
your equation to 3 decimal places. 1965 60.3
b) Itis clear in the table that circulation was at 50 (thousand) 1570 62.1
between 1945 and 1950, then again between 2005 and 2011. 13;[5} :g’;
Use your equation to find the years, accurate to 1 decimal 1085 62:8
place. 1990 62.3
c) Use your equation to predict the year the circulation will drop 1995 8.2
to 25 (thousand), accurate to 1 decimal place. 2000 258
2005 53.3
. . . 2011 44.4
American Newspaper Circulation
70
8 sy 4
§ 60 // s P
X \\
§ , / »
2 ,
g 5o
.5
*
a0 *
0 10 20 30 40 50 60 70 80
Year
The number of inmates incarcerated in United States prisons is — T
risoners {In
shown in the table. Year thousands)
2005 1448
a) Consider 2005 to be year 0 and use regression to find a 2006 1493
. . . 2007 1518
guadratic equation to model the data. Round the numbers in 008 o2
your equation to 3 decimal places. 2009 1525
b) Use your equation to predict the number of prisoners in 2016. 2010 1521
c) Use your equation to predict the year the U.S. prison population 2011 1004
will be down to 1,450,000,
accurate to 1 decimal place. U.S. Prison Population
d) Find both years (past and 1940
. . o 1530
future) for a prison population 8 1520 g +
of 1,400,000, accurate to 1 X 1510 <
& S
decimal place. g 1500
2 190 h ¢
a
"'6 1480 /
E 1470 /
-E 1460
=
Z 1450
1440
0 1 2 3 6 7
Year




Section 2.3

5. The percent of high school students who smoke is shown in
Year Percent
the table.
1993 30.5
) Consider 1993 to b 0 and ion to find 199> 24.8
a on: e.r ? eyeardalnhuze regr:ssm;l : ind a 1997 36.4
qua k:atlc.equanon to rT10 e ';j :.:\ta.l run the 1999 3438
numbers in your equation to 3 decimal places. 2001 585
2003 219

b) Use your equation to predict the year when the percent
of high school smokers will drop to 15%, accurate to 1 decimal place.

Percent of Students Who Smoke

38.0 -
36.0 + —L
—_ F // *
® 34.0 =
Y320 +
uJ -
S 300 '_/
& 20 - L &
£ i S
% 26.0 -
S N
& 240 £ \
20 +
20.0 :
0 2 . | 6 8 10 12
Year
6. The value of Gentech stock is growing but beginning to level off. ” "
. . ear alue
Use a.parabola to model the data and consider the following 1982 514.20
questlonSZ 1985 $26.00
1990 540.40
a) Consider 1982 to be year 0 and use regression to find a 1993 $46.60
guadratic equation to model the data. Round the numbers 1398 $57.60
in your equation to 3 decimal places. 2002 564.20
b) Use your equation to
predict the year when the Gentech Corporation
stock will first reach a value $70
of $70 per share, accurate 0 550 T —— ——
to 1 decimal plafce. % $50 =
c) Use your equation to S g0 - e
predict the value of the E 0 i
m F
. = L
stock in 2020. ¥ | //
d) Use the vertex formula to & {/
. $10 f
find the vertex and i
interpret its meaning in 0 o 5 10 15 2
context of the data. Year
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7.

The Egret population was dropping in a national park. In the year
2000, a biologist successfully suggested closing some trails that
gave people access to their nesting sites. Use a parabola to model
the data and consider the following questions:

a) Consider 2000 to be year 0 and use regression to find a

Year Population
2000 820
2003 582
2006 384
2008 276
2010 188
2013 98

guadratic equation to model the data. Round the numbers in your equation to 3 decimal

places.

b) Use your equation to predict the year when the population will drop below 30, accurate to 1

decimal place. (This is a bit of trick question that will make more sense if you are confused

when you consider question (c))

c) Use the vertex formula to
find the vertex and
interpret its meaning in
context of the data.

d) Use your equation to
predict the population in
2015.

e) Use your equation to
predict the year when the
population will again reach
600, accurate to 1 decimal
place.

Population

100 ©

Egret Population

. 4

Year

10

12

14
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The population of working age people in Japan has seen a decline since about the year 2000.

a)

b)

Consider 1970 to be year 0 and use regression to find a quadratic equation to model the

data. Round the numbers in your equation to 3 decimal places.
Use your equation to predict the year when the population of
working age people will drop to 76 (million), accurate to 1
decimal place.

Use your equation to predict the population of working age
people in 2016.

Working Age Population: Ages 15-64 Japan

o
o

o
[

[
o

/.

~5
(0]

Number of Persons (millions)
3

65
] 5 10 15 20 25 30 35 40

Year After 1970

The number of African rhinos being poached is rising every year.

Consider 2000 as year 0.

a)

b)

c)

Use regression to find a quadratic equation to model the data.
Round the numbers in your equation to 3 decimal places.

Use your equation to predict the number of rhinos expected
to be poached in 2020. Round to the nearest rhino.

Use your equation to predict the year the number of rhinos
poached will reach 3000. Round to the nearest tenth place.

Millien
Year
Persons
1970 71
1975 75
1980 78
1985 82
1990 85
1995 87
2000 87
2005 85
2010 82
Year NumPerﬁf
Rhinos
2007 13
2008 83
2009 122
2010 333
2011 448
2012 063
2013 1004
2014 1215

Rhino's Poached in South Africa

&
8

B
3

B
3

o

Number of Rhinos
G
E]

1000 / =
/
500
—
. e___J.,—ft’/
6 8 10 12 14 16 13
Years after 2000
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10. The unemployment rate in the United States has been declining

Unemployment

every year since 2010. Consider 2000 as year 0. Year (%)
2010 9.623
. . . . 2011 8.942
a) Use regression to find a quadratic equation to model the data. o012 2,065
Round the numbers in your equation to 3 decimal places. 2013 7.372
b) Use your equation to predict the years the unemployment rate 2014 6.155
will be at 3%. Round to one decimal place. jgiz jé:;
c) Use the vertex formula to find the minimum unemployment rate 5017 1.695
and the year it occurs. Round to one decimal place.
Unemployment Rate in America
10
9
g
= B
=
2 P
N
3
. S
=
2 L 3
5 .\\
4
10 11 12 13 14 15 16 17 18
Years after 2010
11. The number of Oregonians taking advantage of food stamps is Food Stamps
shown in the table. Consider 2008 as year 0. Year (x1000)
2008 459.320
a) Use regression to find a quadratic equation to model the data. 5009 531.030
Round the numbers in your equation to 3 decimal places. 5010 205.030
b) Use your equation to predict the years that 650,000 2011 772.760
Oregonians will use food stamps. Round to one decimal place. 2012 215.220
20132 517.570
Oregonians Using Food Stamps 2014 802.190
200
850
E ,_‘h—'—"'_'_P
800 —
750 i /‘/
5 700
£ 650
=]
= 600
£
550
ma 4//
450
400
0 1 2 3 4 5 [ 7 8
Years after 2008
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12. The number of US cell phone subscribers is shown in the table. Subscribers
Consider 1990 as year 0. Year (millions)
1950 2.28
a) Use regression to find a quadratic equation to model the data. 1991 7.55
Round the numbers in your equation to 3 decimal places. 1992 11.03
b) Use your equation to predict the year that the number of 1993 16.00
subscribers will reach 400 million. Round to the nearest year. 1354 24.13
1995 33.75
1996 44.04
US Cell Phone Subscribers 1997 55.31
350 1998 69.20
300 | / 1999 86.04
F F 2000 109.47
250 f ’//
; /»/ 2001 128.37
g 200 2002 140.76
E e
3 150 | = 20032 158.72
o F == 2004 182.14
g ,// 2005 207.89
0 T 2006 233.00
F w_”_,—a :
o ] } } } } ; : : : 2007 262.70
0 2 4 6 8 10 12 14 16 18 20 2[}[}8 2?6 61
Years after 1990 -
2009 300.52
13. United States energy production is shown in the table. Consider 2000 as year 0.
a) Use regression to find a quadratic equation to model the data.
Round the numbers in your equation to 3 decimal places. Year BTU
. . . . {quadrillions)
b) Use your equation to predict the year production will reach
100 quadrillion BTU’s. Round to the nearest tenth. 2001 71.74
2002 70.71
US Energy Production 2003 63.54
%0 2004 70.23
/" 2005 09.43
78 + 2006 70735
2007 71.42
" 2008 73.23
g 1 2009 72.67
S n
= 4 2010 74.79
S *
NS = 012 | 7501
E o — + .
[=+] . 4
+
68
1] 2 4 6 8 10 12
Years after 2000
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14. The United States national debt is shown in the table. Consider

Year

MNational Debt

2000 as year 0. (trillions $)
2000 2.674
a) Use regression to find a quadratic equation to model the data. 2001 5.807
Round the numbers in your equation to 3 decimal places. 2002 5.228
b) Use your equation to predict the year the national debt will 2003 6.783
reach 28 trillion dollars. Round to the nearest tenth. 2006 8.507
2007 9.008
US National Debt 2005 11.510
20 2012 16.066
18
16
w1
g
21 /,r
-é- 10
E . /‘/
E hd
4
1] 2 4 [ 8 10 12 14
Years after 2000
15. The number of rape cases in the United States is shown in the Rape Cases
table. Consider 2000 as year 0. Year (thousands)
2003 93.883
a) Use regression to find a quadratic equation to model the data. 2004 95.089
Round the numbers in your equation to 3 decimal places. 2005 34.347
b) Use your equation to predict the year the number of cases 2006 54.447
could be expected to drop to 70,000. Round to the nearest 2007 92,610
2008 90.730
tenth.
2009 89.241
US R C 2010 85.593
ape Lases 2011 84,175
o0 2012 85.141
o 2013 79770
* H\_"
T o \%M
g RES
£ T~
o 8 .
8
80 v\\
75
2 4 6 8 10 12 14
Years after 2000
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16. The death rate for Alzheimer’s patients in the United States is Deaths per
i i Year
shown in the table. Consider 2000 as year 0. 100,000
_ ' _ _ 2000 667.7
a) Use regression to fln.d a quadratlc.equatlon to. model the data. 5001 795.4
Round the num.bers in you.r equation to 3 decimal pIac.es. 5002 750.9
b) Use your equation to predict the year number of Alzheimer’s 2003 246.8
deaths will drop to 700 per 100,000. Round to the tenth. 2004 975.3
2005 935.5
US Alzheimer Death Rate (age 85+) 2006 523.4
1050 2007 928.7
1000 | 2008 1002.2
— s E——— 2009 945.3
= " * +
2 o ' . 2010 987.1
2 & 2011 967.1
» 850
g s 2012 936.1
% 800 -
£ / 2013 929.5
3 750
a /
700
I
650
1] 2 4 6 8 10 12 14
Years after 2000
17. The average shot length for different clubs in the hands of
a low-handicap male golfer are shown in the table. Club Name| C1UP Angle | Shot Length
(deg) (yards)
a) Use regression to find a quadratic equation to model 3-iron 21.0 207
the club angle versus shot length data. Round the 4-iron 24.0 197
numbers in your equation to 3 decimal places. 5-iron 27.0 186
b) Use your equation to predict the club angle necessary 6-iran 30.5 175
7-iron 34.0 164
for an 85 yard shot. .
8-iron 38.0 153
S-iron 42.0 142
Golf Club Yardages PW 46.0 131
210 GW 50.0 120
\ sW 54.0 109
190 ENSE LW 58.0 100
E;D’O ‘\\.\
§ o =S
]
B 130 \\“
% ]

20 25 30 35 40 a5 50 55 60 65
Club Angle (deg)
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Chapter 3:
Power Relationships

River levels are one of
White Salmon River, Washington many natural
phenomenon that are

accurately modeled by

a power equation.

Rain and warm
temperatures during
spring snow melt will

cause the river to rise.

Dry periods will cause

Kthe river level to fall. /




Section 3.1

In chapter 2 we focused on equations with an exponent (or power) of 2. In chapter 3 we go deeper into

the same topic, considering equations of any decimal power.

Let’s consider a river level application:

Example: Tracking River Levels

Kayakers and fishermen regularly monitor river levels to gauge safety

and fishing conditions. River levels are typically measured in cubic
feet per second (CFS). The lllinois River is a favorite among skilled
kayakers who watch the level in the late spring as the snow pack
melts. It is passable down to 150 CFS in a small craft. The water
data website listed below records updated levels for most of the
rivers in the United States.

http://waterdata.usgs.gov/nwis

Although the graph of the data from the table is curved like the parabola,

the level will not come back up in the dry summer months, so a parabola
will not be a good model.
This type of curve can be modeled by a power equation.

Notice the equation has a numerical exponent of -0.61.

The Green Wall, lllinois River

Illinois River Flow
500
. y = 855.65x70-61
— 400 |
= _
ke
=] :
= 300 +
] :
> _
[:1] L
- 200
5 i
2 -
& 100 |
0 } } — } |
] 5 10 15 20 25
June

June Level
3 416
4 357
5 318
6 291
7 271
8 248
9 230
10 216
11 203
12 194
13 181
14 169
15 160
16 155
17 152
18 146
19 140
20 133
21 132
22 128

Power equations take the form y = ax®. We can use regression to find this type of equation.
Using the data in the table and “PwrReg”, we get the same equation listed on the graph.

Notice the point (17,152) in the table. Enter 855.65*177-.61 into your calculator as see if you get

something close to 152.

« Note: Arainstorm will of course spike this level back up but then it will begin dropping

again, following a similar pattern.
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Chapter 3
Section 3.1: The Shape of a Power Equation

Let’s start with a generic power equation and find its graph:

Example 3.1.1: Graphing a Power Equation

Find some ordered pairs then graph the equation: y = 3x%**

Solution:
You are free to pick any value for x in this power equation; there are many where x cannot be
negative. Fortunately most real problems involve positive numbers. As with the creation of the
quadratic formula in chapter 2; this is another very interesting discussion for those who have
the time and interest.

Y
A partial list of ordered pairs is shown in the table.
X y il
-2 | 4.1
-1 -3
0| o X
1 3
2 4.1 ol
3 | 49 =T
4 5.5
5 6.1

Remember to consider the order of operations when simplifying (PEMDAS).

y = 3x0:44

y =3(2)%4 replace x with 2

y = 3(1.357) exponents first ( 2** is entered as 2 » .44 in your calculator)
y=4.071 multiplication

y=4.1 rounded to the tenth place

We often choose whole humbered x’s to make the calculation easier.
Can you replace x with 1.5 and get 3.6 for y? Notice (1.5,3.6) is also on the graph.

Can you replace x with % and get 2.5 for y? Notice (g 2.5) is also on the graph.

« Note: Notice that the negative exponent in the lllinois River example on the previous page
produced a graph that decreased over time, while this graph, having a positive exponent,
increased.
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Now a practical problem:

Section 3.1

Example 3.1.2: Graphing a Power Equation rr— e
Consider the data regarding the number of automobile fatalities at railroad 1330 638
crossings in the United States since 1990. i::; :gg
1. Find and interpret the slope from 1990 to 1992. 1993 626
2. Find and interpret the slope from 2008 to 2012. i::: :;z
3. Explain the change in the slopes you observe. 1996 238
4. Graph the data. 1997 461
1998 431
5. Add a trend line and make a prediction for the number of fatalities in 1999 202
2020. 2000 425
2001 421
. 2002 357
solon 579-698 119 59.5 e =
1. = = — , meaning an average decrease of 2004 372
1992—1990 2 1 2005 359
about 60 fatalities per year during this period of time. 2006 369
g, 2729 _ D8 _ 2375 eaning an average decrease of about 2007 —
° 2012-2008 4 1 ' g g 2008 290
5 fatalities per year during this period of time. 2009 249
2010 261
3. Perhaps a change in legislation or the prevalence of safety 2011 271
technology caused the steeper decline in the early 90’s. The rate 2012 271
of decline would have to level
off however since we can Railroad Crossing Fatalities
never avoid auto accidents
1200
entirely. Power equations are
excellent models for trends 1000
that level off. g 800
k= *
4. See graph. ® &00 RN
g T
400 & ‘......
000
200
0
1580 1550 2000 2010 2020
Year
5. The trend would indicate that Railroad Crossing Fatalities
there will be about 160
fatalities in 2020. 1200
1000
g 800
?5 600
g

400

200 —

1980

1990 2000
Year

2010

2020 2030
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Chapter 3
Section 3.1: Problem Set

1. The American debt per capita is shown in the chart. This is the total

debt divided among every man, woman and child in America ...

wow!

a) Make a graph of the data large enough to include the year 2018
(use graph paper, label completely, and choose the correct axis

for the independent(x) and dependent(y) variables).

Year Debt
(thousands)
2010 $39.88
2011 $45.09
2012 $48.60
2013 $52.09
2014 $52.69

b) Find the slope between 2010 and 2012. Explain the meaning of the slope in context.

c) Find the slope between 2013 and 2014. Explain the meaning of the slope in context.

d) Add atrend line to the graph.

e) By reading the graph, estimate the per capita debt that might be expected in 2018.

2. The table shows the gallons per minute (GPM) that various tank-less water heaters can produce

based on the degree that the temperature must be raised. Consider the NR98 model for the

questions below.

a) Make a graph of the data large enough to
include 20° (use graph paper, label completely,
and choose the correct axis for the
independent(x) and dependent(y) variables).

b) Find the slope between 30° and 40°. Explain
the meaning of the slope in context.

c) Find the slope between 70° and 80°. Explain
the meaning of the slope in context.

d) Add atrend line to the graph.

e) By reading the graph, estimate the GPM the
NR98 will produce at 20°.

82

Temp

Gallons per Minute (GFM)

ety o T T s v |

Series | Series | Series ies | Series | Series
30 | 11111 | 98 83 [ 71 6.6
35 1.0 1106 | 9.2 83 IA 6.6
40 105 | 93 8.4 16 I 5.7
45 93 84 75 6.7 63 53
50 84 | 74 | 67 6.1 58 | 46
55 1.6 68 6.1 55 5.2 42
60 70 | 62 | 5.6 50 | 48 | 38
65 63 | 58 | 52 47 | 44 35
70 60 | 53 | 48 43 | 41 33
75 56 | 50 | 45 40 | 38 | 31
80 53 | 46 | 42 38 | 36 | 29
85 49 | 44 | 40 36 | 34 | 27
%0 47 | 41 37 34 | 32 6
95 44 1 39 | 35 32 | 30 | 24
100 | 42 | 37 | 34 30 | 29 | 23




Section 3.1
The table shows the natural gas flow in thousands of BTU’s/hour for different pipe lengths and

diameters. The longer the pipe the more inhibited the flow of natural gas because of the

increase in friction. Consider the 3” pipe for the questions below.

a) Make a graph of the data (use graph paper, label completely, and choose the correct axis for
the independent(x) and dependent(y) variables).
b) Find the slope between 30and 40 feet. Explain the meaning of the slope in context.
c) Find the slope between 100 and 125. Explain the meaning of the slope in context.
d) Add atrend line to the graph.
e) By reading the graph, estimate the BTU’s per hour for a 250 foot pipe.
Natural Gas Piping Size Chart (From Aaladin)
Length of Size of Pipe in Inches
Pipe in Feet | 1/2" 34" 1" 1-174" | 112" 2" 2-1/2" 37 3"
10 108 230 387 793 1237 2259 3640 6434
20 75 160 280 569 877 1610 2613 5236 9521
30 61 129 224 471 719 1335 2165 4107 7859
40 52 110 196 401 635 1143 1867 3258 6795
50 46 08 177 364 560 1041 1680 2036 6142
60 42 89 159 336 513 057 1559 2684 5647
70 38 82 149 317 476 896 1447 2492 5250
80 36 76 140 239 443 840 1353 2315 4900
90 33 71 133 275 420 793 1288 2203 4667
100 32 68 126 266 411 775 1246 2128 4518
125 28 60 117 243 369 700 1143 1904 4065
150 25 54 105 215 327 625 1008 1689 3645
175 23 50 a3 196 303 583 993 1554 3370
200 22 47 84 182 280 541 877 1437 3160
300 17 37 70 145 224 439 686 1139 2539
Collisions at between trains and automobiles have declined
since the 1990’s, presumably due to increased safety Year Collisions
measures. 1330 5388
1951 4910
a) Make a graph of the data large enough to include the E:; ::'3;
ear 2020 (use graph paper, label completely, and
y ( grap p P . P v 1994 4p33
choose the correct axis for the independent(x) and 1995 1257
dependent(y) variables). 1996 3865
b) Find the slope between 1991 and 1993. Explain the 1997 3508
meaning of the slope in context. 1998 3489
c) Find the slope between 2006 and 2010. Explain the 1553 3502
meaning of the slope in context. 2000 3237
d) Add a trend line to the graph. 2001 3077
. . . 2002 2977
e) By reading the graph, estimate the number of collisions
that might b ted in 2020 2003 3077
at mi e expected in .
g P 2004 3057
2005 2936
2006 2776
2007 2429
2008 1934
2009 2052
2010 2062
2011 1960
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5.

The level in cubic feet per second(CFS) is shown for the White

Salmon River for part of the month of May.

a)

b)

c)

d)

f)

Make a graph of the data large enough to include May
22" (use graph paper, label completely, and choose the
correct axis for the independent(x) and dependent(y)
variables).

Find the slope between May 8" and 10™. Explain the
meaning of the slope in context.

Find the slope between May 12" and 17", Explain the
meaning of the slope in context.

Add a trend line to the graph.

May Level (CFS)
8 744
9 645
10 558
11 492
12 442
13 398
14 367
15 342
16 324
17 302

By reading the graph, estimate the level that a kayaker could expect on May 22",

By reading the graph, estimate the day the level will drop to 250 CFS.

The temperature of a closed car is shown over time on a day
that is 80°F.

a)

b)

d)
e)

Make a graph of the data (use graph paper, label
completely, and choose the correct axis for the
independent(x) and dependent(y) variables).

Find the slope between 10 and 20 minutes. Explain the
meaning of the slope in context.

Find the slope between 30 and 40 minutes. Explain the
meaning of the slope in context.

Add a trend line to the graph.

Minutes Temperature
1 80
10 95
20 109
30 114
40 118
50 120
60 123

If 105° is considered unsafe, read the graph to estimate the number of minutes it takes to

reach 105°.

The population of Americans (in thousands) with no

education is shown in the table.

a)

b)

Make a graph of the data large enough to include the
year 2020 (use graph paper, label completely, and choose
the correct axis for the independent(x) and dependent(y)
variables).

Find the slope between 1980 & 1985. Explain the
meaning of the slope in context.

Find the slope between 2000 & 2010. Explain the
meaning of the slope in context.

Add a trend line to the graph

Year Population
1970 1569
1975 1293
1980 1068
1985 898
1950 765
1995 675
2000 621
2005 563
2010 480

By reading the graph, estimate the population of uneducated Americans that might be

expected in 2020.




10.

The average concentration of PCB’s in lake trout is shown in
the table as a function of age. The EPA has classified PCB'’s

as probable human carcinogens.

a) Make a graph of the data large enough to include 9

years (use graph paper, label completely, and choose

Section 3.1

Year PCB's (PPM)
1 1.0
2 1.9
ful 4.2
6 7.2
8 11.8

the correct axis for the independent(x) and dependent(y) variables).

b) Find the slope between age 2 & 4. Explain the meaning of the slope in context.

c) Find the slope between age 6 & 8. Explain the meaning of the slope in context.

d) Add a trend line to the graph.

e) Estimate the PCB concentration you might expect in a 9-year old lake trout.

There is a relationship between the height and the volume of wood in a tree.

a) Make a graph of the data large enough to show 1800 ft3

(use graph paper, label completely, and choose the

correct axis for the independent(x) and dependent(y)

variables).

b) Find the slope between heights 12 & 20. Explain the

meaning of the slope in context.
c) Add atrend line to the graph.

d) Estimate the volume you might expect for a 55-foot

tree.

Height (ft) Volume (ft)
12 82
20 180
26 267
34 395
40 501
50 691
60 898
75 1235

e) Estimate the height it would have to reach to contain 1800 ft3.

Consider the price list for rectangular tarps of different sizes.

a) Calculate the area and price/sqft.

b) Make a graph of the data (use graph paper, label completely, and use area for the

independent(x) and price per square foot for the dependent(y) variables).

c) Add atrend line to the graph.

d) Use your trend line to estimate the price per square foot and calculate the price (to the

nearest dollar) for the remaining tarps in the table.

Dimensions | Area | Price | Price Per Square Foot

5x7 S4
6’ x8 $5

8 x10’ S8

10’ x 12’ S$11

12’ x 14’ $15

16’ x 20’ $26

20 x 24’

24’ x 30’
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11. The number of U.S. Prisoners is shown in the table.

12. The descent rate for the Higher Energy Sports emergency

13.

14.

a)

b)

c)
d)

parachute is shown in the table.

a)

b)

c)
d)

Make a graph of the data large enough to show 2020 (use

graph paper, label completely, and choose the correct axis

for the independent(x) and dependent(y) variables).

Find the slope between year 2003 and 2005. Explain the

meaning of the slope in context.

Add a trend line to the graph.

Estimate the number of prisoners you might expect in 2020.

Make a graph of the data (use graph paper, label completely,

and choose the correct axis for the independent(x) and

dependent(y) variables).

Find the slope between the 2 and 4-foot platform heights.

Explain the meaning of the slope in context.

Add a trend line to the graph.

Estimate the rate of descent you might expect for a 12-foot platform height.

The bulk discount rate at 4imprint.com for temporary tattoos is

shown in the table.

a)

b)

Make a graph of the data (use graph paper, label completely, and
choose the correct axis for the independent(x) and dependent(y)
variables).

Add a trend line to the graph.

Estimate the price each for a 1000-tattoo purchase.

The shot length for different loft golf clubs is shown in the table.

a)

b)

Make a graph of the data (use graph paper, label completely, and
choose the correct axis for the independent(x) and dependent(y)
variables).

Find the slope between the 40° and 48° clubs. Explain the meaning
of the slope in context.

Add a trend line to the graph.

Estimate the shot length the golfer might expect from a 17° club.

Year us P.ri?oners
(millions)
2003 1.369
2004 1.477
20035 1.586
2006 1.646
2007 1.744
2008 1.817
2009 1.893
2010 2.012
2011 2.035
2012 2.106
2013 2.160
2014 2.211
2015 2.275
2016 2.336
Platform |Rate of Descent
Height (ft) [ft/sec)
1.0 8.0
2.0 11.5
3.0 14.0
4.0 16.0
5.0 18.0
5.0 24.0
14.0 30.0
" Price
Quantity (¢ each)
200 39
1300 20
2300 15
3300 11
4500 10
2300 9
Club Angle | Shot Length
(deg) (yards)
56.0 105
48.0 112
45.0 113
40.0 120
33.0 126
30.0 135
25.0 144
20.0 155
14.0 180
10.5 200




Section 3.2: Finding Power Equations

In this section we learn how to find a power equation from ordered pairs using regression.

Section 3.2

As you may have noticed at this point in the course, the equation gives you more accurate predictive
power than the graph and it is easy to find an ordered pair that is beyond the range of the graph.

You may also have noticed, however, that the equation takes more skill to use.

Reconsider the practical problem on railroad crossing fatalities introduced in section 3.1:

Example 3.2.1: Finding a Power Equation
Consider the data regarding the number of automobile fatalities at

railroad crossings in the United States since 1990.

Use the regression feature of your graphing calculator to find an
equation to model the data. Then use the equation to predict the
number of fatalities there will be in 2017.

Solution:

For simplicity we can consider 1990 to be year 10. Enter the 23
ordered pairs into your calculator, use (PwrReg) and see if you agree
with the equation shown on the graph.

Railroad Crossing Fatalities
1200 —
1000 é
: y = 5291.9x70-858
.E 800 |
= [
E 600 e,
400 | * .
200 ¢
0 } } } } |
0 10 20 30 40 50
Year

Year Fatalities
1990 698
1991 608
1992 579
1993 626
1994 615
1995 379
1996 488
1997 461
1998 431
1999 a02
2000 425
2001 421
2002 357
2003 334
2004 372
2005 339
2006 369
2007 339
2008 290
2009 249
2010 261
2011 271
2012 271

Now, if 1990 is year 10 then 2017 would mean x = 37.

y = 5291.9x0-88

y =5291.9(37)08>% replace x with 37
y =5291.9(.045132) exponents first
y =238.8 multiplication last

Final Answer: If the pattern continues to decline in a similar fashion, there will be approximately 239

fatalities at railroad crossings in 2017.
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As we have seen previously, choosing 1990 as year 10 makes the numbers in the equation easier to

work with, but there are some deeper considerations.

Choosing 1990 as year 0, as we have
done in previous chapters, will not

work with power equations. The
y-coordinate of a power equation

with a negative exponent goes off to

infinity at x = 0 as shown on the
graph.

If we had chosen 1990 as year 1
regression would have worked
but would have produced a
much steeper curve that is not a
very good model for the data.

The best model is found
entering the years as they are
but the equation is so large that
even calculators cannot handle
it. The coefficient in front of x is
scientific notation for 5 x 102>,
which is a 5 followed by 295

zeroes.

Y
T
|

\

=

1200
1000 |

800

Railroad Crossing Fatalities

400 -

200

wv
2
E r
E 600 |
& -
e L
400 |
200
0 | | | |
) 10 20 30 a0
Year
Railroad Crossing Fatalities
1200 -
1000 - y = 5E+295x88.7/
§ 800 -
E
E 600 -
o
(%5

1580

1950 2000 2010 2020

Year

2030

You will not have to concern yourself with these considerations in this chapter, since the questions will
provide any direction you need. This must be understood, however, if you are to use power equations

to model relationships that you come across in life ... which is the whole point of this course.
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Section 3.2: Problem Set

1. The American debt per capita is shown in the chart. This is the total

Section 3.2

Debt
debt divided among every man, woman and child in America ... Year (thousands)
wow! 2010 $39.88

2011 $45.09
a) Consider 2009 to be year 0 and use regression to find a power 2012 $48.60
equation to model the data. Round the numbers in your 2013 $52.09
equation to 3 decimal places. 2014 $52.69
b) Use your equation to predict the debt in 2016.
Per Capita Debt
$54 r
652 : 2
%50
B | EEE
3 416
£ - /4/
Fou |
O s | S
$a0 /
$38 ©
1 2 3 a 5
Year (2009 =year 0)
2. The table shows the gallons per minute (GPM) that -
Gallons per Minute [(GPM)
various tank-less water heaters can produce based Temp
; ise('F) | NR1T1 |NRCI11 | NR9S | ey | Rz | NRes
on the degree that the temperature must be raised. (e= N [IGET T : ;
N N N jes | Series | Series
Series | Series | Series
a) Use regression to find a power equation for the 3 [T "N1)98 |83 |71 | 66
NRC 98 Series for the GPM as a function of the 3/ _|NI1]W6 )92 |8 |71 |66
temperature. Round the numbers in your 4 | 105 |93 |84 |76 | 71 | 57
equation to 3 decimal places. 45 |93 |84 |75 | 67 | 63 | 53
b) Use your equation to predict the GPM for a 20° 50 | 84 [ 74 |67 |61 | 38 | 46
temperature rise, rounded to the nearest tenth. 55 | 76 | 68 | 61 | 55 [ 52 | 42
60 1.0 6.2 5.6 50 48 38
Water Heater Output 65 65 | 58 | 52 | 47 | 44 | 35
1 70 6.0 53 48 43 41 i3
—_ i: 75 5.6 50 45 4.0 38 3.1
i =58
§ 9 80 5.3 46 4.2 3.8 36 29
g = 85 | 49 |44 | 40 | 36 | 34 | 27
g, \‘\‘E 90 | 47 |41 |37 | 34 | 32| 26
> =
g ° ‘w 95 | 44 | 39 [ 35 | 32 | 30 | 24
= 4 H“ﬁ-ﬁ.
3 v — 100 | 42 3.7 34 3.0 29 23
? 30 40 50 60 70 80 90 100
Temperature Rise (F°)
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3. The table shows the natural gas flow in thousands of BTU’s/hour for different pipe lengths and

diameters. The longer the pipe the more inhibited the flow of natural gas because of the
increase in friction.

a) Considering the 3 inch pipe and use regression to find a power equation where the flow is a
function of the pipe length. Round the numbers in your equation to 3 decimal places.

b) Use your equation to predict the flow rate for 250 feet of pipe, rounded to the nearest
whole number.

Natural Gas Piping Size Chart (From Aaladin)
Length of Size of Pipe in Inches
Pipe in Feet 1/2" 3/4" 1" 1-1/4" 1-1/2" 2" 2-1/2" 3" 4"

10 108 230 387 793 1237 2259 3640 6434

20 75 160 280 569 877 1610 2613 5236 9521
30 61 129 224 471 719 1335 2165 41107 7859
40 52 110 196 401 635 1143 1867 3258 6795
50 46 98 177 364 560 1041 1680 2936 6142
60 42 89 159 336 513 957 1559 2684 5647
70 38 a2 149 317 476 896 1447 2492 5250
80 36 76 140 239 443 840 1353 2315 4900
90 33 71 133 275 420 793 1288 2203 4667
100 32 68 126 266 411 775 1246 2128 4518
125 28 60 117 243 369 700 1143 1904 4065
150 25 54 105 215 327 625 1008 1689 3645
175 23 50 93 196 303 583 993 1554 3370
200 22 47 84 182 280 541 877 1437 3160
300 17 a7 70 145 224 439 686 1139 2539

4. Collisions at between trains and automobiles have declined

. , . Year Collisions
since the 1990’s, presumably due to increased safety
1990 5388
measures. 1991 2910
1992 4892
a) Consider 1990 to be year 10 and use regression to find a 1993 4979
power equation to model the data. Round the numbers 1994 4633
in your equation to 3 decimal places. 1995 4257
b) Use your equation to predict the number of collisions in 1396 3865
2025, round to the nearest whole number. 1397 3508
1998 3489
. . . 1999 3502
Railroad Collisions
2000 3237
6000
2001 3077
5500 &
5000 s 2002 2977
4500 S 2003 3077
" *
.E 4000 \ 2004 3057
2 3500 * %\iﬂ. 2005 2936
3 3000 Ee=u=: 2006 2776
2500 ~— 2007 2429
2000 — *
2008 1934
1500
1000 2009 2052
10 15 20 25 30 2010 2062
Year 2011 1960
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5. Thelevel (in CFS) is shown for the White Salmon River for part

Section 3.2

May Level
of the month of May. 3 a4
9 645
a) Use regression to find a power equation to model the 10 558
data. Round the numbers in your equation to 3 decimal 11 492
places. 12 442
b) Use your equation to predict the level on May 24", round 13 338
to the nearest whole number. 14 367
15 342
White Salmon River Flow 16 324
17 302
800
700
w
g 600
E
A 500
—
3 400
2 S
-4
300
200
7 8 9 10 11 12 13 14 15 16 17 18
May
6. The temperature of a closed car is shown over time on a day -
that is 80°F. Minutes Temperature
1 80
. . . 10 99
a) Use regression to find a power equation to model the ) 109
data. Round the numbers in your equation to 3 decimal 20 114
places. 20 118
b) Use your equation to predict the temperature at 5 =0 120
minutes, round to the nearest tenth. 0 173
Temperature Inside a Car (80° day)
130 -
120 E g
- }_,—-—'—'_'_'_'_'_
N I .,-//4
= 110 - ==
E F
: : /
£ 100 f s
5,/
5 90 /
F g0 4
70 [

0 10 20 30 40 50 60 70
Minutes
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7. The population of Americans (in thousands) with no I
L . Y P ti
education is shown in the table. = opr o
1970 15689
. . ) 1975 1293
a) Consider 1970 as year 10 and use regression to find a 1930 1068
power equation to model the data. Round the numbers 1985 298
in your equatlo‘n to3 dech\aI places. o 1990 —
b) Use your equation to predict the population in 2025, 1995 675
round to the nearest whole number. 2000 571
2005 563
US Population Without Education 2010 480
1600 0\
~= 1400 :
< e
@ 1200 -
=
Q C ¥
£ 1000 ©
"E' E L 3
2 800 ¢ =3
2 .
§- €00 C ___“‘**F—-_____
r : 4
2 400 | -
10 15 20 25 30 35 a0 a5 50
Year
8. The average concentration of PCB’s, measured in parts per
- . . . . Y PCB's (PPM
million (PPM), in lake trout is shown in the table as a function Tr Zi[} )
of age. The EPA has classified PCB’s as probable human P 1'9
carcinogens. 2 1.2
b 7.2
a) Use regression to find a power equation to model the g 11.8
data. Round the numbers in your equation to 3 decimal
places.
b) Use your equation to
predict the PCB PCB Concentration in Lake Trout
concentration that you 16
could expectina 10 T
year old trout, round 2
to the nearest tenth. 5 10
5
5 s
= 3
S 6
=
=]
U g
1]
(=]
& 2
4
o
o 1 2 3 6 8 9
Age




Section 3.2

9. Since we now have quadratic and power models that both

i ] ) Year PCB's (PFM])
accommodate curved data, reconsider the previous question. 1 10
2 1.9
a) Notice the power curve in the previous question is not a A 4.2
great fit to the data (compare the fit of a quadratic curve 6 7.2
below to the power function in the previous problem). g8 11.8

Use regression to find a quadratic equation to model the
data. Round the
numbers in your

) _ PCB Concentration in Lake Trout
equation to 3 decimal

[y
o

places.

b) Use your equation to
make a better
prediction for the PCB
concentration that you
could expectina 10
year old trout, round to

[y
E-Y

[y
]

[y
o

PCB Concentration (ppm)
-]

the nearest tenth.

0 1 2 3 4 5 6 7 8 9
Age
10. There '|s a relationship between the height and the volume of Height (ft) Volume (ft)
wood in a tree. 12 37
20 180
a) Use regression to find a power equation to model the 26 267
data. Round the numbers in your equation to 3 decimal 34 395
places. 40 s01
b) Use your equation to predict the volume of a 90 foot 20 631
tree, round to the nearest whole number. 60 898
73 1235
Tree Height -vs- Volume
1400
1200 s
1000 i
E s00 |
w /
E s00 A
3 /4,/
[=] [
= i !
400 § =
200 :.,/T /
0 i 1
10 20 30 40 50 60 70 20
Height (ft)
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11. Consider the price list for rectangular tarps of different sizes.

a) Use regression to find a power equation to model the data using area as the x variable and
price per square foot as the y variable. Round the numbers in your equation to 3 decimal
places.

b) Use your equation to determine the right price per square foot (rounded to 3 decimal
places) and price for the 2 larger tarps (rounded to the nearest dollar) in the table.

Dimensions Area Price Price Per
Square Foot
5 x7 $4
6'x8 $5
8, X 10' $8
10’ x 12’ $11
12" x 14’ $15
16’ x 20’ $26
20" x 24’
24’ x 30’
Tarp Prices
$0.120
$0.115 ¥
$0.110 -+ 5
£ 0105 &
a $0.105 ; ;\
@ $0.100 ‘\
£ s0.005
- *
$0.090 + \4\
50.085 + -
$0.080 + S0
0 50 100 150 200 250 200

Area (ft?)
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12. The number of U.S. Prisoners is shown in the table. Consider

2000 as year 0.

a) Use regression to find a power equation to model the
data. Round the numbers in your equation to 3 decimal
places.

b) Use your equation to predict the number of prisoners in
2022. Rounded to the nearest thousand.

Number of US Prisoners

24

/‘/‘/
=

M
o

Number (millions)
5 &

N\

1.2

Year

13. The descent rate for the Higher Energy Sports emergency
parachute is shown in the table.
a) Use regression to find a power equation to model the data.
Round the numbers in your equation to 3 decimal places.
b) Use your equation to predict the rate of descent for a 19-
foot platform. Round to the nearest tenth.

Section 3.2

Emergency Parachute Descent Rate

31.0 /r/’
PR

]
[
o

o
=
=

Rate of Descent (ft/sec)
&
b

-

0 2 a 6 8 10 12 14
Platform Height (ft)

[
=
[=]

6.0

US Prisoners
Year .
(millions)
2003 1.269
2004 1.477
2005 1.386
2006 1.646
2007 1.744
2008 1.817
2009 1.893
2010 2.012
2011 2.035
2012 2.106
2013 2.160
2014 2.211
2015 2.275
2016 2.330
Platform |Rate of Descent
Height (ft) (ft/sec)
1.0 5.0
2.0 11.5
3.0 14.0
4.0 16.0
5.0 18.0
9.0 24.0
14.0 30.0
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14. The bulk discount rate at 4imprint.com for temporary tattoos is Price
shown in the table. Quantity (¢ each)
a) Use regression to find a power equation to model the data. s00 39

Round the numbers in your equation to 3 decimal places. 1500 20
b) Use your equation to predict the price each for a 7000-tattoo 2500 15
order. 2500 11
- 4500 10
Temporary Tattoo Bulk Discount 5500 3
40
' '\\
< 30
[*]
o
L1
w 25
€
g ESE
8 S
a5 & S
0 e .
- ——4
5
] 1000 2000 3000 4000 5000 6000
Order Quantity
15. The shot length for different loft golf clubs is shown in the table.
a) Use regression to find a power equation to model the data. Club Angle | Shot Length
Round the numbers in your equation to 3 decimal places. (deg) (yards)
b) Use your equation to predict the shot length for a 9° club angle. 56.0 105
48.0 112
Golf Club Yardages 45.0 115
200 40.0 120
190 35.0 126
w0 £\ 30.0 135
% 170 \ 25.0 144
£ 160 ~C 20.0 155
= = 14.0 180
0 150
5 S 10.5 200
- \\4
S 10 ~
wv
> \
110
100 EEns—
10 20 30 40 50 (1]
Club Angle (deg)




Section 3.3: Using Power Equations

Section 3.3

As in section 2.3 we now turn our attention to the complex and practical skill of finding an “x” that will

y = 855.65x0-61

300 -+

River level (CFS)

produce a “y” that we are
Illinois River Flow interested in.

Refer back to the river level

400 example in the introduction to

i chapter 3; suppose the fishing gets
good below 100 CFS on the lllinois
River. We would of course want to
know what day this would happen.
We could guess values for x until
we figure it out. This is not a bad
idea since it does not require us to

Qut accurately without guessing though!

~

June
learn anything new.

/855.65(30)‘0'61 ~ 107 guess 30 ... too high!

855.65(35)-61 ~ 98 guess 35 ... too low!

855.65(33)061 = 101.4 guess 33 ... close!

855.65(34) 061~ 99.6 guess 34 ... close!

There are 30 days in June so the answer looks to be late in the day on July

3. One of the beauties of mathematics lies in being able to figure things

J

How can we solve for “x” without guessing where 100 = 855.65x°0-61?

Solving simply means finding out what “x” is equal to. We need to get rid of the 855.65 and the -0.61.

o .n

When we knew “x”, we used the order of operations (PEMDAS) to simplify. Now we need to “unwrap”
“x”, so we remove the numbers using inverse operations and in the reverse order (SADMEP).

ﬂ)o = 855.65x ¢! \

0.117 =x%61  remove the multiplication by dividing both sides by
855.65
Note: when an exponent is raised to another exponent, multiply the

exponents to simplify. (x3)? = x©.
(=) N EE _ .
0.117\-061/ = (x~°-°')\-0s61/ raise both sides to the —; Power

1
0.117-e1 =x —0.61 x— =1
—-0.61
x =33.7 enter .117 ~ (1/-0.61) into the calculator

Clearing an exponent:

~

Qe get a number between 33 & 34 as we expected from our guessing. /

g

For a variable “x” with
an exponent “a” ...

: 1
raise to the ~ power to

clear the exponent.

1
(x%)a = x

“_n

J
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Section 3.3: Problem Set

1. The American debt per capita is shown in the chart. This is the total Debt
debt divided among every man, woman and child in America ... Year (thousands)
wow! 2010 $39.88

2011 $45.09
a) Consider 2009 to be year 0 and use regression to find a power 2012 $48.60
equation to model the data. Round the numbers in your 2013 $52.09
equation to 2 decimal places. 2014 $52.69
b) Use your equation to predict the .
) y. q P Per Capita Debt
debt in 2018. ssa
c) Use your equation to predict the 5532 =7
year the debt will reach $65,000. $50 B
=
3 41
=
=) =
B $4a pas
L
[a] a2
540
$38
1 2 2 3 3 4 4 5 5
Year (2009 =year 0)

2. The table shows the gallons per minute (GPM) that Gallons per MinUte (GPM)
various tank-less water heaters can produce based on RI.T;";!'” NRTT1 [NRCITY | NR9B | oo | oo | ymes
the degree that the temperature must be raised. (::,2,?: ‘Eiﬂii’ ?::.ig; Series | Series | Series

30 1.1 1 114 9.8 8.3 71 6.6
a) Use regression to find a power equation for the 35 (111|106 |92 | 83 | 71 | 66
NRC 111 Series for the GPM as a function of the 40 | 10593 |84 | 76 | 71 | 57
temperature. Round the numbers in your 45 |93 | 84 |75 | 67 | 63 | 53
equation to 2 decimal places. 50 | 84 |74 | 67 | 61 | 58 | 46
b) Use your equation to predict the GPM for a 25° 55 | 76 | 68 | 61 | 55 | 52 | 42
temperature rise, rounded to the nearest tenth. 60 | 70 | 62 | 56 | 50 | 48 | 38
c) Use your equation to predict temperature gain 65 [ 65 |58 |52 | 47 | 44 | 35
achieved at 8 GPM, rounded to the nearest tenth. 70 |60 |53 |48 [ 43 | 41 | 33
75 5.6 5.0 45 4.0 38 31
Water Heater Output 80 | 53 | 46 | 42 | 38 | 36 | 29
1 85 | 49 |44 | 40 | 36 | 34 | 27
P 9 |47 |41 |37 [ 34 |32 | 26
2 SSi 95 |44 |39 |35 |32 [ 30| 24
9 a9
T g \\t 100 42 3.7 34 3.0 29 23
3 = =
o 7
g 6 \‘
% 5 Eu=SSE
£ EER
=z 4 M
3
2
30 40 50 60 70 80 90 100
Temperature Rise (F°)
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The table shows the natural gas flow in thousands of BTU’s/hour for different pipe lengths and

diameters.

The longer the pipe the more inhibited the flow of natural gas because of the

increase in friction.

a) Considering the 2 inch pipe and use regression to find a power equation where the flow is a

function of the pipe length. Round the numbers in your equation to 2 decimal places.

b) Use your equation to predict the flow rate for 250 feet of pipe, rounded to the nearest

whole number.

c) Use your equation to find the maximum length of pipe allowable if you need 1,200,000

BTU’s/hour of gas flow in a 2 inch pipe, rounded to the nearest tenth.

Natural Gas Piping Size Chart (From Aaladin)
Length of Size of Pipe in Inches
Pipe in Feet 1/2" 34" 1 1-1/4" 1-1/2" 2" 2-1/2" 3" 4"
10 108 230 387 793 1237 2259 3640 6434
20 75 160 280 569 877 1610 2613 5236 9521
30 61 129 224 471 719 1335 2165 4107 7859
40 52 110 196 401 635 1143 1867 3258 6795
50 46 98 177 364 560 1041 1680 2936 6142
60 42 89 159 336 513 957 1559 2684 5647
70 38 a2 149 317 476 896 1447 2492 5250
80 36 76 140 239 443 840 1353 2315 4900
90 33 71 133 275 420 793 1288 2203 4667
100 32 68 126 266 411 775 1246 2128 4518
125 28 60 117 243 369 700 1143 1904 4065
150 25 54 105 215 327 625 1008 1689 3645
175 23 50 93 196 303 583 993 1554 3370
200 22 47 84 182 280 541 877 1437 3160
300 17 37 70 145 224 439 686 1139 2539
Pipe Lenth -vs- Flow Rate
2400
200 —F
E e £
< 2000 \
_l..l"l m
3 1800 —+
s
‘o 1600
[=] m \
QO 1400 +
o E \
- F
— 1200 +
2 ; X
O 1000 +
[TH E \
é‘g 800 =
600
F ]
400 - }—_—_—_—_—————,,
0 50 100 150 200 250 300
Pipe Length (feet)

99




Chapter 3

100

4.

Collisions at between trains and automobiles have declined

Year Collisions
since the 1990’s, presumably due to increased safety
1990 5388
measures. 1991 2910
1992 4892
a) Consider 1990 to be year 10 and use regression to find a 1993 4979
power equation to model the data. Round the numbers 1994 4633
in your equation to 2 decimal places. 1995 43257
b) Use your equation to predict the year that the number of 1396 3865
collisions will drop to 1900, rounded to the nearest tenth. 1337 3508
c) Use your equation to predict the year that the number of 1598 3485
.. . 1999 3302
collisions will drop to 1750, rounded to the nearest tenth.
2000 3237
Railroad Collisions 2001 2077
2002 2977
6000
500 4 2003 3077
5000 ———+ 2004 3057
_ 4500 =S : 2005 2936
c 4000
:g 2500 ‘\%Kiw 2006 2776
B 3000 < .+ & 2007 2429
Q
2500 —— —— 2008 1934
2000 =T 2009 2052
1500 2010 2062
1000
10 15 20 25 0 2011 1960
Year
The level (in CFS) is shown for the White Salmon River for part May Level
of the month of May. 2 a4
9 045
a) Use regression to find a power equation to model the 10 55g
data. Round the numbers in your equation to 2 decimal 11 492
places. 12 442
b) Use your equation to find the day the level was 1000 CFS, 13 398
rounded to the nearest tenth. 14 367
c) Use your equation to find the day the level will drop to 15 342
250 CFS, rounded to the nearest tenth. 16 324
17 302

White Salmon River Flow

800

700

€00

500

400

River Level (CFS)

300

200

May




Section 3.3
6. The temperature of a closed car is shown over time on a day

that is 8O°F. Minutes Temperature
1 280
. . . 10 99
a) Use regression to find a power equation to model the
data. Round the numbers in your equation to 2 decimal 20 105
30 114
places.
. . . 40 118
b) Use your equation to find the number of minutes 0 120
required to reach 90°, rounded to the nearest tenth. 0 123

c) Use your equation to find the number of minutes
required to reach 128°, rounded to the nearest tenth.

Temperature Inside a Car (80° day)
130 ¢

120 +

/’”’FA//JW#

110 f

100 /3
%0

80

Temperature (F°)

70 f
0 10 20 30 40 50 60 70
Minutes

7. The population of Americans (in thousands) with no

education is shown in the table. Year Pepulodon
1970 1569
1975 1293
a) Consider 1970 as year 10 and use regression to find a 1980 1068
power equation to model the data. Round the numbers 1985 898
in your equation to 2 decimal places. 1990 765
b) Use your equation to accurately give year the population 1995 675
was 600 (thousand), rounded to the nearest tenth. 2000 621
i th d . 2005 563
US Population Without Education 2010 480
1600 0\
~== 1400 ;
TN
& 1200
3
o ¥
E 1000
'-E- . 3
6 800 - ==
g Bicct
3 600 ]
° *
S 400 '
10 15 20 25 30 35 40 45 50

Year
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8. The average concentration of PCB’s in lake trout is shown in

102

the table as a function of age. The EPA has classified PCB’s as
a probable human carcinogen.

a) Use regression to find a power equation to model the
data. Round the numbers in your equation to 2 decimal
places.

Year PCB Conc.
1 1.0
2 1.9
4 4.2
6 7.2
8 11.8

b) Use your equation to
estimate the age of a fish

PCB Concentration in Lake Trout

[
o

with a PCB concentration

[
-

of 15 ppm, rounded to the

[
~

nearest tenth.

[
o

c) Use your equation to

estimate the age of a fish

with a PCB concentration

of 6 ppm, rounded to the

PCB Concentration (ppm)
[:-]

nearest tenth. : <
:
] 1 2 3 5 6 7 8 9
Age
9. Since we now have quadratic and power models that both

. . . Year PCB Conc.

model curved data, reconsider the previous question. i 1o

. . . . . 2 1.9

a) Notice the power curve in the previous question is not that 2 1.7

great of a fit to the data (compare the fit of a quadratic e 72

curve below to the power function above). Use regression 3 11.8

to find a guadratic

equation to model the
data. Round the

PCB Concentration in Lake Trout

[y
[0

numbers in your

[y
E-Y

equation to 2 decimal

[
N

places.

[y
o

b) Use your quadratic

equation to estimate the

[0

age of a fish with a PCB

f -

concentration of 15 ppm,

PCB Concentration (ppm)
-]

N

rounded to the nearest

o

tenth.




10. There is a relationship between the height and the volume of

Section 3.3

wood in a tree. Height (ft) Volume [ft)
12 82
. . . 20 180
a) Use regression to find a power equation to model the - e
data. Round the numbers in your equation to 2 decimal 2 395
places. 10 =01
b) Use your equation to find the height a tree should be to 50 591
have a volume of 300 ft3, rounded to the nearest tenth. 50 293
c) Use your equation to find the height a tree should be to 75 1235
have a volume of 1600 ft3, rounded to the nearest tenth.
Tree Height -vs- Volume
1400
1200 =
1000 =
T{—', 800 - =a
o /
E 600 B //
= i T
[=] [
= 200 /;//‘
200 :‘/T /
0 : T
10 20 30 a0 50 60 70 20
Height (ft)

11. The number of U.S. Prisoners is shown in the table. Consider ear US Prisoners
2000 as year 0. {millions)
a) Use regression to find a power equation to model the 2003 1.369

. . ) 2004 1.477
data. Round the numbers in your equation to 3 decimal 2005 1586
places. 2006 1.646
b) Use your equation to predict the year the number of 2007 1.744
. . - 2008 1.817
prisoners will reach 2.8 million. Rounded to the nearest 5005 T893
year. 2010 2.012
2011 2.035
Number of US Prisoners 2012 2.106
24 2013 2.160
1 2014 2.211
22 2015 2.275
/./'/ 2016 2.336
— 2.0
_5 /
E e /
; 1.6 T
£ P
Z 1.4 v
1.2
2 4 7] 8 10 12 14 16
Year
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12. The descent rate for the Higher Energy Sports emergency Platform | Rate of Descent
parachute is shown in the table. Height (ft) (ft/sec)
a) Use regression to find a power equation to model the data. 1.0 2.0

Round the numbers in your equation to 3 decimal places. 7.0 11.5
b) Use your equation to predict the platform height 3.0 14.0
necessary to have a 21 ft/sec rate of descent. Round to the 4.0 16.0
nearest tenth. 5.0 18.0
5.0 24.0
Emergency Parachute Descent Rate 14.0 30.0
31.0 /w/
'8" 26.0
$ o
E 21.0
1]
g
0 16.0
s
]
& 110 /
6.0
1] 2 4 6 8 10 12 14
Platform Height (ft)

13. The bulk discount rate at 4imprint.com for temporary tattoos is Price
shown in the table. Quantity (¢ each)
a) Use regression to find a power equation to model the data. =00 39

Round the numbers in your equation to 3 decimal places. 1500 20
b) Use your equation to predict the order quantity necessary to pay 2500 15
7¢ each. 23500 11
- 4500 10
Temporary Tattoo Bulk Discount 5500 3
40
i '\\
< 30
o
LY
w 25
1
S 50 \
8 ]
a1 ]
0 e .
- ——s
5
] 1000 2000 3000 4000 5000 6000

Order Quantity
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14. The shot length for different loft golf clubs is shown in the table.
a) Use regression to find a power equation to model the data. Club Angle | Shot Length
Round the numbers in your equation to 3 decimal places. (deg) (yards)
b) Use your equation to calculate the angle of club required for a 56.0 105
95-yard shot. Rounded to the tenth place. 48.0 112
45.0 115
Golf Club Yardages 40.0 120
200 4 35.0 126
30.0 135
190
\ 23.0 144
180
- 170 \ 20.0 155
2
- —
g -
3 10 ~—
.g 130 k\
wv
o \
110
100 Es==—=
10 20 30 40 50 60

Club Angle (deg)
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Chapter 4:

Exponential Relationships

Oregon goose population

Q}uations.

Animal populations are one of
many aspects of nature
modeled by exponential

equations.

Favorable conditions allow
populations to increase while
cold winters or an increase in
predators may cause the

population to decrease.

In either case biologists can

accurately model and monitor

J

the size and health of a

population with exponential




Section 4.1
In chapter 3 we extended our use of equations with exponents and considered equations with decimal

powers. In this section we will consider a class of equations where the exponent is a variable. In most
practical uses this variable represents time.

The birth of an exponential equation is easily seen with a basic application of percentages. A biologist
who wants to know how many years it will take for a population of 1200 salmon growing in number at a
rate of 8% per year to reach 10,000, will need an exponential equation.

Example: Tracking a Salmon Population
The population is first observed at 1200 salmon (year 0). At a growth rate of

8% per year there would be 1200 ¢ 0.08 = 96 more salmon next year, or 1296
salmon. A shortcut to 1296 is to multiply 1200 e 1.08, since growing 8%
means 8% more than 100%, or 108%.

year 1: 1200 » 1.08 = 1296
year 2: 1296 » 1.08 = 1400
year 3: 1400« 1.08 = 1512
year 4: 1512 » 1.08 = 1633

Sockeye salmon run

Year Population

0 1200

There is a further shortcut to the population in year 4. Notice that 1200 1 1796

is multiplied by 1.08 four times. This fact is easily expressed with the 7 1400

exponents we studied in chapters 2 & 3. 3 1512

1200 « 1.08  1.08 » 1.08 » 1.08 = 1200 * 1.08* 4 1633

5 1763

. . : b 1904
Using this shortcut we can guess and check our way to a population of

10,000. Notice the exponent represents the time (in this case years) we want to know.

1200 » 1.08'1= 2798  guess 11 ... too low
1200 » 1.08'7= 4440 guess 17 ... too low
1200 » 1.08%2= 6525  guess 22 ... too low
1200 » 1.083%= 12075 guess 30 ... too high
1200 » 1.08%8= 10353 guess 28 ... too high
1200 » 1.08%7= 9586  The population will reach 10,000 sometime during year 28.

Exponential equations take the form y = ab*; where “a” represents the initial population, “b” represents
the growth rate (or decline rate), and “x” is the time.

« Note: The growth rate of 8% was given in this problem. Notice it can be found by dividing

the population of one year by the population of the previous year. If the year before the
biologist counted 1111 salmon, the rate of change can be calculated to be % = 1.08.
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Chapter 4
Section 4.1: The Shape of an Exponential Equation

Let’s look at a generic exponential equation and find its graph:

Example 4.1.1: Graphing an Exponential Equation

Find some ordered pairs then graph the equation: y=4e (1.1)*

Solution:
You are free to pick any value for “x” in the exponential equation; even negative numbers since
they will represent the population back in time.

A partial list of ordered pairs is shown in the table.

X y 1 |
-3 3.0 }_
-1 3.6 rd
0 4.0
2 4.8
5 | 64 PoE . d
7 7.8 X
9 9.4
12 12.6
Remember to consider the order of operations
when simplifying (PEMDAS).
y=4e(1.1)*
y=4e¢(1.1)° replace x with 5
y=4e(1.61) exponents first ( 1.1° is entered as 1.1 ~ 5 in your calculator)
y=6.44 multiplication
y=6.4 rounded to the tenth place

« Note: Notice that this equation could represent a disease that is discovered in 4 patients
and grows at a rate of 10% per year.
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Let’s look at an example where the population is decreasing:

Example 4.1.2: Moisture Content in Lumber

Lumber is routinely dried before use in residential applications Hour % Moisture
to keep it from shrinking and twisting after installation. 0 46.0
1 38.6
1. Make a graph of the data which shows the moisture 2 32.5
content in Douglas fir lumber in a dryer over a 6 hour 3 27.3
period. 4 27,9
2. Add atrend line and make a prediction for the time 5 19.2

required for the moisture content to reach 6%. -

3. Find the growth rate from hour 1 to 2 6 16.2

4. Find the growth rate from hour 4 to 5

Solution:

1.

Hour is the independent
variable and percent is the
dependent variable.
Graph indicates between

hours 11 and 12.

323 0.842 or about 84.2%
38.6
19.2

—— = (0.838 or about 83.8%
22.9

Percent Moisture

Moisture Content in Drying Lumber

2 4 6 8 10 12 14 16

Indeed the growth rate between any pair of consecutive points is around 84%. Each hour the
lumber retains 84% of the moisture it had the previous hour.

Therefore the equation y = 46¢(0.84)* would model this data.

« Note: Thisis the essence of any exponential equation; there is a constant growth rate
between each data point over a given period of time.
Notice that this data could also be thought of as a decrease in moisture of 16% per hour.

To simplify the language we will always speak of exponential data as having a growth rate, even if it is

declining. In the previous example this can appear misleading since the moisture content was not

growing.

The principle is simple if keep your focus on 100%. A population with a growth rate of 109% is
understood to be increasing by 9%. A population with a growth rate of 87% is understood to be
decreasing by 13%.
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There is a subtle but important distinction between how we looked at the constant rate of change with

linear relationships in chapter 1 and how we look at constant growth rate with exponential relationships
in this chapter. For a linear equation the constant is added to the previous value whereas in an
exponential equation the constant is multiplied by the previous value.

Consider the populations of 24 frogs, increasing as indicated in the chart below over a 3 year period.

Year linear exponential
0 64 64
1 80 80
2 96 100
3 112 125

Notice the rate of change in the linear population shows a constant addition of 16 frogs per year. The
growth rate in the exponential population is less obvious, but is a constant multiple, in this case 1.25 or

125% (2 = 20— 1 25),

80 64

Linear equation: y = 16x + 64; where “y” is the population and “x” is the year.

Exponential equation: y = 64¢(1.25)%; where “y” is the population and “x” is the year.

—_

. 80—64
Linear data has:
1-0
96-80
/ \ a constant rate of change: 5 - 16 frogs per year
Considering two ordered pairs 112-96
3-2
from a set of data: —

80 _ o i
I (g ” 1.25 (25% increase)

a variable growth rate: 2 =12 (20% increase)
yi—y2 80
Slope (rate of change) = —
1= 112

oo = 1.17 (17% increase)

Growth Rate = b
y1 80—

\ / Exponential data has: 1_24 =16 frogs per year
100—

a variable rate of change: 8 -20 frogs per year

2-1
125-100
- 25 frogs per year
80
64
100 .
a constant growth rate: o 1.25 (25% increase)
125
100

i

Mathematicians refer to numbers with a constant rate of change as an arithmetic sequence and
numbers with a constant rate of growth as a geometric sequence.
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It is easy to find a model by hand for anything that grows or declines by a constant percentage:

Example 4.1.3: Modeling the Value of a Car

A car enthusiast buys two cars:
A 1966 Mustang Fastback for $23,500, which he believes will increase in value 4%/year.
A 2014 Subaru Outback for $28,600, which should decrease in value 9%/year.

Find a model for the value of each car over
time and determine their expected values in

6 years.
Solution:
Models: let y = value of the car (in dollars), x = time (in years):
Mustang: y = 23,500(1 + .04)* or y = 23,500(1.04)*
Subaru: y =28,600(1 - .09)* or y = 28,600(.91)*
Values: Mustang: y = 23,500(1.04)® =~ $29,735

Subaru: y = 28,600(.91)° ~ $16,241

« Note: The percentage changes are always relative to 100% and must be subtracted from 1
for a decreasing value and added to 1 for an increasing value.

Example 4.1.4: Modeling Inflation

The price of a gallon of milk is often considered as a model for inflation. \

Find a model for the price of a gallon of milk over time if it costs $4.32 in
2013 and $4.46 in 2014; and predict the cost in 2020.

Solution:

4.4

Model: rate of growth = 4—32 = 1.032 (meaning growth of about

3.2% per year); where y = price of a gallon of milk (in
dollars and x = time (in years)
y =4.32(1.032)*

Value: 2020 would be year 7 since we counted 2013 as the year of the initial value.

y =4.32(1.032)’ replace x with 7
y = 4.32(1.2467) evaluating (1.032)’
y =5.39

Final Answer: If the pattern continues, a gallon on milk will cost $5.39 in 2020.
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Section 4.1: Problem Set

1. The town of Mill Creek has been steadily growing in population.

a)

b)

d)

e)
f)

2. The Southern White Rhino, considered extinct in the 1800’s,

Year Population
Make a graph of the data large enough to include a 2004 24670
population of 30,000 and the year 2012 (use graph paper, iggz 2::2;
label completely, and choose the correct axis for the 2007 20230
independent(x) and dependent(y) variables). 2008 42620
Find the growth rate between 2004 and 2005, rounded to 3 2009 44570
decimal places. Explain the meaning of the growth rate in 2010 47220

context.

Find the growth rate between 2007 and 2008, rounded to 3 decimal places.

Find the slope between 2004 and 2005, rounded to the nearest whole number. Explain the
meaning of the slope in context.

Find the slope between 2007 and 2008, rounded to the nearest whole number.

Add a trend line and estimate the population in 2012.

Use your trend line to estimate the year the population was 30,000.

has enjoyed a steady increase in population in the last Year Population
hundred years. 1523 150
1948 550
. 1968 1800
a) Make a graph of the data large enough to include a 1937 2665
population of 35,000 and the year 2015 (use graph 1997 2240
paper, label completely, and choose the correct axis for 2002 11640
the independent(x) and dependent(y) variables). 2010 20170
b) Find the slope between 1929 and 1948, rounded to the
nearest whole number. Explain the meaning of the slope in context.
c) Find the slope between 1968 and 2002. Explain the meaning of the slope in context.
d) Find the growth rate between 1929 and 1948, rounded to 3 decimal places. Explain the
meaning of the growth rate in context. Hint: the years are not consecutive so you will need
to substitute the numbers you know into the equation y = ab* and solve for b.
e) Add a trend line and estimate the rhino population in 2015.
f) Use your trend line to estimate the year the population will reach 35,000.
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Temperature and pressure are related so that as the vapor Temperature () | Saturation VP (mbar)

pressure is increased the temperature will increase as well. 10 2

Your refrigerator is designed based on this scientific principle. i;’ 150

60 18

a) Make a graph of the data (use graph paper, label 80 35
completely, and choose the correct axis for the ffo ::
independent(x) and dependent(y) variables). 120 17

b) Find the slope between 10° and 30°. Explain the meaning of the slope in context.

c) Find the growth rate (b) between 10° and 30°, rounded to 3 decimal places. Explain the
meaning of the growth rate in context. Hint: the temperatures are not consecutive so you
will need to substitute the numbers you know into the equation y = ab* and solve for b.

d) Add atrend line and estimate the vapor pressure at 70°.

e) Use your trend line to estimate the temperature necessary to achieve 100 m-bars of

Temperature and moisture content in wood are related, in
that as the temperature increases the percent moisture in the

pressure.

Temperature(F°)

Moisture Content (%)
above ambient

wood decreases. 0 10.0
3 8.5
10 7.3
a) Make a graph of the data (use graph paper, label 15 6.3
completely, and choose the correct axis for the ig iz
independent(x) and dependent(y) variables). 30 4.2
b) Find the slope between 10° and 30°. Explain the meaning of the slope in context.
c) Find the growth rate (b) between 20° and 25°, rounded to 3 decimal places. Explain the
meaning of the growth rate in context. Hint: the temperatures are not consecutive so you
will need to substitute the numbers you know into the equation y = ab” and solve for b.
d) Add atrend line and estimate the moisture content at 35°.
e) Use your trend line to estimate the temperature necessary to achieve 6% moisture content.
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5. Open source is a growing movement where people create

Month Frojects

software, apps or curriculum and make it available for free. o 105

The chart shows the number of open source software 33 750

projects considering May of 1999 as month 0. 12 1000

54 1500

a) Make a graph of the data large enough to include month 66 2450
80 (use graph paper, label completely, and choose the 75 3500
correct axis for the independent(x) and dependent(y)
variables).

b) Find the slope between months 33 and 42, rounded to 1 decimal place. Explain the meaning
of the slope in context.

c) Find the growth rate (b) between month 33 and 42, rounded to 3 decimal places. Hint: the
months are not consecutive so you will need to substitute the numbers you know into the
equation y = ab* and solve for b.

d) Find the growth rate (b) between month 54 and 66, rounded to 3 decimal places. Hint: the
months are not consecutive so you will need to substitute the numbers you know into the
equation y = ab* and solve for b.

e) Add atrend line and estimate the number of open source projects you would expect in
month 80.

f) Use your trend line to estimate the month there would have been 2000 projects.

6. Children are more likely to be born with Down’s syndrome as the age

of the mother increases. Age PE“_:E"t
D5 Births
a) Make a graph of the data (use graph paper, label completely, and 33 0.2
choose the correct axis for the independent(x) and dependent(y) 38 0.5
variables). 41 1.2
b) Find the slope between age 41 and 43, rounded to 1 decimal 43 2.1
place. Explain the meaning of the slope in context. 45 3.0

d)

e)
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Find the growth rate (b) between age 33 and 38, rounded to 3

decimal places. Hint: the months are not consecutive so you will need to substitute the
numbers you know into the equation y = ab* and solve for b.

Find the growth rate (b) between age 41 and 43, rounded to 3 decimal places. Hint: the
months are not consecutive so you will need to substitute the numbers you know into the
equation y = ab* and solve for b.

Add a trend line and estimate the percent of Down’s syndrome births you would expect
from 42 year old mothers.




Data concerning the relationship between weight and length in
the walleye pike are shown in the table.

a) Make a graph of the data large enough to include 70
centimeters and 4 kilograms (use graph paper, label
completely, and choose the correct axis for the
independent(x) and dependent(y) variables).

b) Find the slope between 40 and 50 centimeters. Explain the
meaning of the slope in context.

Section

4.1

Length {cm) | Weight (kg)
20 0.1
30 0.2
40 0.4
50 0.8
60 1.4

¢) Find the growth rate (b) between 40 and 50 centimeters, rounded to 3 decimal places. Hint:
the months are not consecutive so you will need to substitute the numbers you know into

the equation y = ab* and solve for b.

d) Find the growth rate (b) between 50 and 60 centimeters, rounded to 3 decimal places. Hint:
the months are not consecutive so you will need to substitute the numbers you know into

the equation y = ab” and solve for b.

e) Add atrend line and estimate the weight you would expect of a 70 cm walleye.

f) Use your trend line to estimate the length a walleye would have to reach to weigh 4 kg.

Data concerning the expenditure for health care in the United
States is shown in the table.

a) Make a graph of the data large enough to include 2018 (use
graph paper, label completely, and choose the correct axis for
the independent(x) and dependent(y) variables).

b) Find the growth rate (b) between 2004 and 2005, rounded to 3
decimal places.

c) Find the growth rate (b) between 2012 and 2015, rounded to 3
decimal places. Hint: the years are not consecutive so you will
need to substitute the numbers you know into the equationy =

ab* and solve for b.

Expenditure
Year | billions $)
2000 1359
2004 1878
2005 2016
2007 2320
2008 2498
2009 2689
2012 3798
2013 3533
2015 4032

d) Add atrend line and estimate the expenditure you would expect in 2018.
e) Use your trend line to estimate the year the US health expenditure reached $3000 billion.
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Section 4.2: Finding Exponential Equations
In this section we learn how to find an exponential equation from ordered pairs using regression.

Again, the equation gives you accurate answers between the data points and predictive power beyond
them.

Reconsider the problem introduced at the beginning of the chapter regarding salmon population:

Example 4.2.1: Finding an Exponential Equation

Consider the data in the table and use the regression feature of your
. . . . Year FPopulation
graphing calculator to find an exponential equation to model the S 7300
data. Then use the equation to predict the population in year 25. 1 1296
2 1400
Solution: 3 1512
Enter the 15 ordered pairs into your calculator and choose ExpReg. 4 1633
See if you agree with the equation listed on the graph. 5 1763
b 1904
Salmon Population 7 2062
8 2220
6000
: 9 2405
_ 500 1 10 2568
=1194.6+1.08*
2 4000 y ‘ 11 2819
S 12 3008
§ 3000 13 3326
2000 | 14 3634
1000 ¢
0

0 2 4 6 8 10 12 14 16

y = 1194.6(1.08)

y = 1194.6(1.08)% replace x with 25
y =1194.6(6.848475) exponents first
y = 8181 multiplication last

Final Answer: If the pattern continues, the salmon population will be approximately 8181 in year 25.

« Note: Recall from the introduction to chapter 4 that exponential equations take the form

y = ab*; where “a” represents the initial population, "b” represents the rate of growth, and

3326

“x” is the time. We can come up with an equation by hand letting a =1200 and b = 3008 -

1.106. It is guess work, though, to decide which two years to use for the growth rate.

The model y = 1200¢1.106* (from the example at the beginning of the chapter) predicts a population of
14,096 salmon at year 25.

Regression considers all 15 ordered pairs, finding an “average” growth rate, and thus comes up with a
more accurate exponential model.

116




Section 4.2

Consider a practical problem where the data is decreasing:

Example 4.2.2: Finding an Exponential Equation
Consider the exponential river level data provided in the table:

a) Find an exponential equation to model the data by hand Day Level (CFS)
b) Use the regression feature of your graphing calculator to find 0 76
an exponential equation to model the data. ; E:
Solution: 3 45
a) Recall that exponential equations take the form y = ab*; 4 38
where “a@” represents the initial population, “b” represents > 32
the growth rate (or decline rate), and “x” is the time. 3 ;;
The initial river level (a) is 76. . 20
Exponential equations have a constant growth (decline) rate. 5 19

Picking a few random points we see a fairly constant decline

rate.
5 < 0.842 33 .0.828 4> £ 0.849
76 64 53
... which average to about 0.843
32 . 0.842 27 . 0.844 2 . 0.852
38 32 27

The exponential model would be: y = 76¢0.843*

b) Entering the 10 South Fork Rogue Flow April 2014

ordered pairs into the
STAT button in the
calculator and

80
70

60

choosing ExpReg yields 50

the equation:

y= 74.04.0.849)( 30

River Level (CFS)
8

20
10

10

# Note: The rate of approximately 85% (0.849 = .85 or 85%) can be interpreted as a daily

decrease of 15%. Regression is obviously preferable to finding the equation by hand, both as

a time-saver and in terms of accuracy; but it is a confidence building exercise to rely on your

own knowledge.
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Section 4.2: Problem Set

1. The town of Mill Creek’s population growth is shown the chart.

a)

b)

d)

2. The Southern White Rhino, considered extinct in the 1800’s,
has enjoyed a steady increase in population in the last
hundred years.

a)

b)

d)
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Consider 2004 to be year 0 and find an exponential equation
to model the data by hand. Round the numbers in your
equation to 3 decimal places.

Consider 2004 to be year 0 and use regression to find an
exponential equation to model the data. Round the numbers
in your equation to 3 decimal places.

Year Population
2004 34670
2005 36480
2006 38390
2007 40280
2008 42620
2009 44570
2010 47220

Use your regression
equation to predict the

Mill Creek Population

—

population in 2018. Round 48000 ¢
to the nearest person. 46000
Use your regression 24000
equation to estimate the E 42000
population in 1998. Round 5
2 40000 ////
to the nearest person. a 5

38000 %
i /,/////

36000 |

Consider 1929 to be year 0 and use regression to find an

exponential equation to model the data. Round the

numbers in your equation to 3 decimal places.

Use your equation to estimate the population in 2006.

34000
2004 2005 2006 2007 2008 2009 2010
Year

Year Population
1929 150
1948 550
1968 1500
1987 4665
1997 3440
2002 11640
2010 20170

Round to the nearest animal.
Use your equation to

predict the population in

Southern White Rhino Population

1920. Round to the nearest 25000
animal.
Find the growth rate and 20000
explain its meaning in § 15000 |
context of the data. B B /

3 i

S 10000

o i /(

so00 | ==
i ___,J/
0 ¢

Year

1920 1930 1940 1950 1960 1970 1980 1990 2000 2010 2020




4.

Temperature and pressure are related so that as the vapor
pressure is increased the temperature will increase as well.
Your refrigerator is designed based this scientific principle.

a)

b)

c)

Temperature and moisture content in wood are related, in
that as the temperature increases the percent moisture in the

Use regression to find an exponential equation to model
the data. Round the numbers in your equation to 3

decimal places.

Section 4.2

Temperature (F)

Saturation VP (mbar)

10

2

30

6

45

10

60

13

80

35

50

48

110

88

120

117

Use your equation to accurately find the vapor pressure for a temperature of 100°, accurate

to 1 decimal place.

Use your equation to predict

the vapor pressure for a

temperature of 130°, accurate

to 1 decimal place.

wood decreases.

a)

b)

d)

Use regression to find an exponential equation to model
the data. Round the numbers in your equation to 3

decimal places.

Use your equation to accurately find the moisture content a temperature of 35°, accurate to

1 decimal place.

Use your equation to
accurately find the
moisture content a
temperature of 3°,
accurate to 1 decimal
place.

Find the growth (decline)
rate and explain its
meaning in context of
the data.

Temperature-vs- Saturation Vapor Pressure

&
S

=
14
=]

15
5

g

g

&

Vapor Pressure [millibars)

]

"]

(=]

a0 60
Temperature (F°)

100 120

Temperatu.re (F Meoisture Content (%)
above ambient)

1] 10.0

5 8.5

10 7.3

15 6.3

20 5.5

25 4.8

30 4.2

Moisture Content (%)

10

Temperature-vs- Moisture Content in Wood

\

EN

10

15

Temperature (F°)

20

25
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Chapter 4

5. Reconsider the data regarding collisions between trains and —
Year Collisions
automobiles that we modeled with a power equation in chapter 3. 1990 5388
1991 4910
a) Consider 1990 to be year 0 and use regression to find an i::; :22;
exponential equation to model the data. Round the numbers 1994 2633
in your equation to 3 decimal places. 1995 4257
b) Use your equation to predict the number of collisions in 2000 i:gg zigg
(compare to the actual data). Round to the nearest collision. 1998 3439
c) Use your equation to estimate the number of collisions in 1993 3502
1980 (before the data began being collected). Round to the jggi 2;2;
nearest collision. 2002 2977
d) Use your equation to predict the number of collisions in 2018. 2003 3077
Round to the nearest collision. 2004 3057
. o o 2005 2936
e) Find the growth rate and explain its meaning in context of the 2006 2776
data. 2007 2429
2008 1934
Railroad Collisions 2005 2052
2010 2062
5800 2011 1960
5300 “\
4800 ==

+

Collisions
&
8
*
;/

3300 -

- ESsa=
2800 © v
2300 © =
; :—‘\‘W
1800
0 5 10 15 20
Year

6. Length and weight are naturally related in animals. Consider the

Length (cm) | Weight
data for the walleye pike in the table. gth (cm) ght (kg)
20 0.1
30 0.2
a) Use regression to find an exponential equation to model the a0 04
data. Round the numbers in your equation to 3 decimal 50 0.8
places. 60 1.4
b) Use your equation to accurately
predict the weight of a 70 Walleye Length -vs- Weight
centimeter walleye, accurate to 18
the nearest tenth. 1
c) Use your equation to accurately . 2
predict the weight of an 80 %
0.8
centimeter walleye, accurate to E"
the nearest tenth. = 04
o
<r——’*‘f—“
0.0
20 25 30 35 40 45 50 55 60
Length (cm)

120




Section 4.2

Open source is a growing movement where people create

software, apps or even curriculum and make it available for

free. The chart shows the number of open source software

projects considering May of 1999 as month 0.

a) Use regression to find an exponential equation to model

the data. Round the numbers in your equation to 3

Month Frojects
0 125
33 750
42 1000
54 1500
66 2450
75 3500

decimal places.

b) Use your equation to accurately predict the number of open source projects in month 96

(year 8). Round to the

nearest project. Number of Open Source Projects
c) Use your equation to 5000 -
accurately predict the number ::zg 7
of open source projects in E 3500 - *
month 120 (year 10). Round £ 8000 = 7
) 5 2500 — ot
to the nearest project. + 2000
é 1500 -
S 1000 — e
Z 500 - Se—==
R ========E=
0 10 20 30 40 50 60 70 80
Month (0= May '99)
Children are more likely to be born with Down’s syndrome as the age of P—
i e
the mother increases. Ag DS Births
33 0.2
a) Use regression to find an exponential equation to model the data. 38 0.5
Round the numbers in your equation to 3 significant digits (i.e. non- a1 1.2
zero values). Note: The “a” value in the regression equation is very 43 21
small and is listed in scientific notation. 45 3.6
b) Use your equation to accurately estimate the percent of Down’s
syndrome births that can be expected from 44 year old mothers, rounded to 1 decimal
place.
. Maternal Age and Downs Syndrome
c) Use your equation to
accurately predict the 4 Y
percent of Down’s syndrome & p.
births that can be expected £
from 46 year old mothers, % /
£
rounded to the tenth place. _.g 2
c
@ //
s’ e
a ———
P B——
0
32 34 36 38 40 42 a4 46
Maternal Age (years)
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Chapter 4

9. The average shot length for different clubs in the hands of a
low-handicap female golfer are shown in the table. Club Name| €' Angle  Shot Length
(deg) (yards)
a) Use regression to find an exponential equation to model 3-iron 21.0 172
4-iran 24.0 161
the club angle versus shot length data. Round the .
. . . S-iron 27.0 147
numbers in your equation to 3 decimal places. 6-iran 305 137
b) Use your equation to predict the length of shot for a 65° F-iron 24.0 118
loft angle club. B-iron 38.0 108
9-iron 42.0 98
PW 46.0 86
Golf Club Yardages aw 0.0 -2
180 SW 54.0 67
\ LW 58.0 60
160 \\
E 140
-
£ 0 RS
E 100 2
n \
80
_ \
20 30 40 50 60
Club Angle (deg)
10. Data concerning the expenditure for health care in the United -
] ) ) Expenditure
States is shown in the table. Consider 2000 as year 0. Year -
(billions 5)
. . ' _ 2000 1359
a) Use regression to find an exponential equation to model the 2004 1878
data. Round the numbers in your equation to 3 decimal places. 5005 2016
b) Use your equation to predict the expenditure in 2018. Round 2007 5320
to the nearest billion dollars. 2008 2498
2009 2689
US Health Care Expenditure 2012 3298
4200 + //‘ 20132 3533
_ 300 | 2015 4032
e e
E 3200 | A
.
@ 2700
FR //
oo ==
o r
d 1700 —
1200
0 2 4 6 8 10 12 14 16
Year
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Section 4.3: Using Exponential Equations

Section 4.3

We now turn our attention to the complex and practical skill of finding an input “x” that will produce an

. n

output “y” that we are interested in.

know what year the salmon
population will reach 5000.

for “x” until we get it close
enough (you may actually
decide this is the best way
since solving an exponential

skill).

Suppose a biologist wants to .
Salmon Population
6000
. 5000 |
We can extend th.e trend line to g y = 1194.601.08° |
give us an approximate answer. 'S 4000 ‘ :
) |
= C
We could simply guess values & 3000 i
a. L |
2000 !
|
1000 i
. | | |
] 5 10 15 20
equation requires considerable
Year
1194.6(1.08)1° guess 16 ... y = 4093 ... too low!

It is important to
1194.6(1.08)** guess 24 ...y = 7575 ... too high! recognize that this may
1194.6(1.08)2° guess 20 ...y = 5568 ... too high! be the most practical

use for the equation. A
1194.6(1.08)'8 uess 18 ...y = 4774 ... too low! lagict mi A

A9 & s VS : biologist might want to
1194.6(1.08)° guess 19 ... y = 5156 ... too high! plan ahead for a river to

1194.6(1.08)18>

1194.6(1.08)186

reach 5000 salmon.

guess 18.5 ... y = 4961 ... close!

guess 18.6 ... y = 4999 ... close enough!

Sometime near the middle of year 18 then the population will

be reopened to
fishermen based on fish
counts.

Guessing is a slow process and may not produce an accurate enough answer for some applications;

more importantly though ... guessing just isn’t cool when there is a better way.
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Chapter 4

How can we solve for “x” without guessing? 5000 = 1194.6(1.08)*
ﬁUE'STIDN: FIND E
Solving, simply means finding “x”. We need to get rid of the

1194.6 and the 1.08 ... to find “X". Here it is,

When we knew “x”, we used the order of operations (PEMDAS) to
simplify. Now we need to free “x”, so we remove the numbers in

the reverse order of operations (SADMEP) using the inverse 3 em
operation.
y =1194.61.08* 4 cm
5000 = 1194.6¢1.08*
4.1855 = 1.08* remove the multiplication first by dividing both sides by
1194.6
Now we need some help. We used the fact that the inverse of multiplying is
dividing when removing the 1194.6; but how can we bring the x down from its
position as an exponent?
The logarithm was invented for this purpose; much as the square root was
invented as the inverse for squaring ... | will explain more after this example.
X = Log1.0s4.1855 introduce a logarithm as the inverse of an
exponent (read as Log of 4.1855 base 1.08)
x = Log(4.1855)/Log(1.08) how it is entered in the calculator
x = 18.602 calculator result
We get a number just above 18.6, as we expected from our earlier guessing.
So what is a
logarithm?

If you are solving the equation x? = 48, you have accepted that you take the square root of both sides to
get rid of the exponent 2, thus solving for x. Square and square root are inverse operations. Consider
how you would explain what V48 means to someone unfamiliar with square roots. You inevitably
explain that v/48 produces the number that when squared is 48. You should even be able to estimate
the calculator’s answer as just under 7, since 7% = 49.

Notice that you cannot directly explain what a square root is; you are forced to explain it as the inverse
of squaring. What the calculator does to find a square root is an interesting topic for another time.

In the same way, a logarithm can only be understood when explained as an inverse of an exponent.
Log,8 (log of 8 base 2) tells you what power 2 must be raised to equal 8. In other words, it solves the
equation 2¥ = 8. Notice that, like the V25, the solution for “x” is a whole number and can be known

without a calculator since 2° = 8. Enter Log (8)/Log (2) to see that the answer is 3. Notice also that 2 is

the base of the exponent and is also the base in the logarithm (lower number in Log,8).
Can you estimate Logs20? 4 to what power is 20? 42 is 16 and 43 is 64.

So a good estimate for the Logs20 might be 2.1. Notice the calculator gives the more precise answer,
Log (20)/Log (4) = 2.160964 ... this is called an irrational number and must be rounded as it is a decimal

that never ends and does not have any discernable pattern.
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Section 4.3

What the logarithm does can be easily understood. How a calculator
finds it requires an amazing discovery of an infinite series, which is
not encountered until a deeper algebra course. Understanding
where this infinite series comes from involves calculus. Brings to
mind Alice in Wonderland’s rabbit hole; this is what makes math so
beautiful and terrifying. Step in and you will find more adventure

and wonder the deeper you go.

Do not worry if this more terrifying than beautiful for you; in this course we will only brace ourselves
safely at the entrance and look in.

We best do another practical example:

Example 4.3.1: Solving an Exponential Equation

Suppose we want to model the decrease in a river’s flow in the summer to predict when it will be 300
CFS. We observe the level to be 1860 CFS (cubic feet per second) on Monday, 1702 CFS on Tuesday, and
1557 CFS on Wednesday.

Recall from section 4.1 that exponential equations take the form y = ab*; where “a” represents the initial

population, “b” represents the rate of growth, and “x” is the time.

Solution:

Notice that % = 0.915 and %ﬁ; = 0.915 so you could say the level is dropping around 8.5% per day, or

each day you have about 91.5% of what you had the day before.

The exponential equation F = 1860¢0.915% is a good model since the level is dropping at a consistent
rate; where F = flow and d = day.

We want to know what day the flow will drop to 300 CFS.

F = 18600.915¢

300 = 1860¢0.915¢ replace F with 300

.1613 = 0.915¢ divide both sides by 1860

d = Log 09150.1613 introduce logarithms to solve for d

d=205 enter Log (0.1613)/Log (0.915) in your calculator

Final Answer: If the pattern continues, the level will hit 300 CFS about half way through day 20. This
would be on Sunday about 3 weeks away.

# Note: Itisimportant to recognize that growth or decline is always measured relative to
100%. If a population of 490 elk is increasing at 13% the model would be
y =490(100%+13%)* or y = 490¢1.13%. If the population was decreasing at 13% the model
would be y = 490(100%-13%)* or y = 490¢0.87*.

We could have also entered our data into the calculator and found our model using 0 | 1860

exponential regression. Remember that regression is better when the percent decrease is

less consistent since regression will take an average. 111702
2 | 1557
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Chapter 4

It is tempting to assume that any upward tending curve will be best modeled by an exponential

equation. This shape could also be modeled, however by the right half of the parabola that we studied

in chapter 2.

Notice that the researcher modeling the relationship between the height of a tree and the volume of

growth chose to do just that. In chapter 6 we will work on choosing the best model.

Figure 2 to determine maximum potential annual volume growth increment in cm3 per year for a tree of
a given height. The quadratic equation was the best fit for the maximum site potential tree data (R2=
0.96, p<0.0001) until tree heights approached 1.4 meters, below which it underestimated maximum

potential growth.

To0oa

G0000

50000

40000

20000 4

20000 1

10000 A

Annual Vol Gr Increment (cm”3)

R?=08578

1000 1500
Tree Height (cm)

2000

Figure 2: Scatterplot and fitted regression line for maximum site potential height (Ht) to
volume growth curve. Each data point represents the annual volume growth increment for a single
height of a tree. Multiple data points for each of the 18 frees are included y = 0 .018x2 - 0.27x -

466.74 (R2= 0.96, p=0.0001)
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Section 4.3: Problem Set

Section 4.3

1. The town of Mill Creek’s population growth is shown the chart. rv— Population
2004 34670
a) Consider 2004 to be year 0 and use regression to find an 2005 26430
exponential equation to model the data. Round the numbers 2006 33390
in your equation to 3 decimal places. 2007 40280
b) Use your regression equation to find the year the population 2008 42620
will reach 60,000, accurate to 1 decimal place. 2009 44570
c) Use your regression equation to find the year the population 2010 47220
was 25,000, accurateto 1
decimal place. Mill Creek Population
48000
5 . 4
46000 +
/4r
44000
E 42000 /
kil
= /
g 40000 /
o [
38000 + //
36000 E’//
34000 |
2004 2005 2006 2007 2008 2009 2010
Year
2. The Southern White Rhino, considered extinct in the 1800’s, -
has enjoyed a steady increase in population in the last Year Population
1929 150
hundred years.
1948 250
Consider 1929to b Oand i find 1508 1509
a) Consider : to .e year 0 and use regression to find an 1937 2665
exponential equation to model the data. Round the 1997 3410
numbers in your equation to 3 decimal places. 2002 11640
b) Itis clearin the table that the population reached 1000 2010 20170
between 1948 and 1968.
Use your equation to find Southern White Rhino Population
the year, accurate to the 25000
nearest tenth place.
c) Use your equation to 20000
predict the year the c B
.0 15000
population will reach B [ /
3
30,000, accurate to the 2 10000 +
S i
nearest tenth place. - /
5000
| /’
_ S
0 ¢
1920 1930 1940 1950 1960 1970 1980 1990 2000 2010 2020
Year
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Chapter 4

3. Temperature and pressure are related so that as the vapor Temperature (F)| Sataration VP (mban)
pressure is increased the temperature will increase as well. 10 2
Your refrigerator is designed based this scientific principle. 43:2 150
60 18
a) Use regression to find an exponential equation to model :‘g i;
the data. Round the numbers in your equation to 3 110 88
decimal places. 120 1

b) Itis clearin the table that the vapor pressure reached 100 m-bars between 110° and 120°.
Use your equation to

accurately find the Temperature-vs- Saturation Vapor Pressure
temperature accurate to the 1o
nearest tenth place. -2 {
c) Use your equation to predict E 100 /

the temperature the vapor will -E- 80 /
reach at 140 m-bars of pressure 2 o
accurate to the nearest tenth '-;E o /
place. g g

2

0 .__,___——f——”’r_*/

0 20 a0 60 80 100 120

Temperature (F°)

4. Temperature and moisture content in wood are related, in

Temperature (F Moisture Content (%
that as the temperature increases the percent moisture in the | above ambient) | Mtre content (%)
wood decreases. 0 10.0

5 8.5

10 7.3

a) Use regression to find an exponential equation to model 15 6.3
. . 20 5.5

the data. Round the numbers in your equation to 3 s as
decimal places. 20 4.2

b) Use your equation to accurately find the temperature, accurate to the nearest tenth place,
needed to get the moisture content to 5%.
c) Use your equation to

predict the temperature, Temperature-vs- Moisture Contentin Wood
accurate to the nearest w4
tenth place that would be ol
necessary to get the i
. yios ¥ st ™
moisture content to 2%. ‘g
i, &S
3
26 ‘\\‘
3
z . S
= w.\‘
a r
3
0 5 10 15 20 25 30 35
Temperature (F°)
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Section 4.3

Reconsider the data regarding collisions between trains and —
Year Collisions
automobiles that we modeled with a power equation in chapter 3. 1990 5338
1991 4910
a) Consider 1990 to be year 0 and use regression to find an i::; ::‘3;
exponential equation to model the data. Round the numbers 1994 2633
in your equation to 3 decimal places. 1995 4257
b) Use your equation to predict the year that the number of 1956 3865
. . . 1997 3508
collisions will drop to 1800, accurate to 1 decimal place. 1993 2489
c) Use your equation to predict the year that the number of 1999 3502
collisions will drop to 1650, accurate to 1 decimal place. 2000 3237
2001 3077
2002 2977
Railroad Collisions 2003 3077
5500 2004 3057
s 2005 2936
2300 X S 2006 2776
4300 e 2007 2429
2 4300 2008 1934
0
B 2200 b 2009 2052
3 3300 +N 2010 2062
N‘, g 2011 1960
2800 " ===
2300 \“\ .
+
1800 * F\’
0 5 10 15 20
Year
The walleye (a fish) naturally grows in length and width
simultaneously. Length (cm) | Weight (kg)
20 0.1
a) Use regression to find an exponential equation to model 30 0.2
the data. Round the numbers in your equation to 3 decimal a0 0.4
places. 50 0.8
b) Use your equation to find the length a walleye would need 60 1.4
to be to weigh 3 kg. Answer to the nearest centimeter.
c) Useyour

equation to find
the length a

walleye would =

ohserved

need to be to 2

= pradictad

weigh 5 kg.

=
i

Answer to the

Fish Weight (kg)

nearest
centimeter.

0 30 40

Fish Length (cm)

Walleye pollock length vs weight
observed and predicted values

=0 [=11]
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Chapter 4
7. The chart shows the number of open source software

Month Frojects
projects considering May of 1999 as month 0. o 105
33 750
a) Use regression to find an exponential equation to model 12 1000
the data. Round the numbers in your equation to 3 54 1500
decimal places. 66 2450
b) Use your equation to accurately find the month when the 75 3500

number of projects reached 2000, accurate to 1 decimal
place.

. Number of Open Source Projects
c) Use your equation to

5000

predict the month when 4500 & =
there will be 10,000 open @ 4000 -
. & 3500 — ~
source projects, accurate to S 2000
decimal pl < 2500 - -

1 decimal place. 2500 -

g 2000 — Bas

.g 1500 - =+

S 1000 - o

Z 500 S —as

R ==========
] 10 20 30 40 50 60 70 80

Month (0= May '99)

8. The percent of downs syndrome births increase with the age of the Percent
mother. Age DS Births
33 0.2
a) Use regression to find an exponential equation to model the 28 0.5
data. Round the numbers in your equation to 3 significant digits a 12
(i.e. non-zero values). Note: The “a” value in the regression A3 21
equation is very small and is listed in scientific notation. a5 3.6

b) Use your equation to find the mother’s age that would have a 5%
risk for downs syndrome.
c) Use your equation to find the mother’s age that would have a 10% risk for downs syndrome.

40
3.5 +
30 4

25

Risk of Down syndrome in live births (%)
i

05

o.|® - . : ! : S .
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45

Maternal age (years)
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9. The average shot length for different clubs in the hands of a
low-handicap female golfer are shown in the table. Club Name| 1P Angle| Shot Length
(deg) (yards)
a) Use regression to find an exponential equation to model 3-iran 210 173
4-iran 24.0 161
the club angle versus shot length data. Round the .
. . . S-iron 27.0 147
numbers in your equation to 3 decimal places. 6-iran 30.5 132
b) Use your equation to calculate club angle necessary for a F-iron 24.0 118
200 yard shot. Rounded to the nearest tenth. 8-iron 38.0 108
9-iron 42.0 98
Golf Club Yardages PW 46.0 86
180 GW 50.0 74
\ SW 54.0 67
o \\ LW 58.0 60
E 140
>
£ 0 ES
E \\
E " \\
v
80
60
20 30 40 60
Club Angle (deg)
10. Data concerning the expenditure for health care in the United -
i ) _ Expenditure
States is shown in the table. Consider 2000 as year O. Year (billions $)
_ ' ' . 2000 1359
a) Use regression to find an exponential equation to model the 2004 1978
data. Round the numbers in your equation to 3 decimal places. 5005 5016
b) Use your equation to predict the year the US health 2007 2320
expenditure will reach 5 trillion dollars. Round to the nearest 2008 2498
tenth. 2009 2689
2012 3298
US Health Care Expenditure 2013 3533
4200 T 2015 4032

b
8

8
8

Expenditure (billions §$)
N N
2 2

g
8

1200

Year

14

16
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Chapter 5:
Logarithmic Relationships

As we saw in the chapter 4
exponential and logarithmic

equations are related.

Foresters use logarithmic
equations to model the
relationship between the

Douglas fir height and age of a tree.

J




We saw in chapter 4 that a logarithm had to be introduced when

solving for x in an exponential equation.

Consider the tree data to the right and its exponential model

y = 10.341(1.162)*.

Section 5.1

Height (ft)
B ¥ 8

y =10.341(1.162)

Tree Age -vs- Height

Year Height (ft})
1 12.0
2 14.0
3 16.2
4 18.9
5 21.9
6 25.5
7 29.6
8 34.4

This exponential equation is
designed to take age as an
input and give the height as an
output.

We saw in section 4.3 that the
equation can be used, often
more practically than the
graph, to predict the age for a
given height. If a biologist
wanted to know when the tree
could be predicted to reach 50

feet tall s/he could plug y = 50 into the equation and use logarithms to find x = 10.5 years.

Height (ft) Year
12.0 1
14.0
16.2
18.9
21.9
25.5
29.6
34.4

CO =] [ |G | | a2

If the biologist’s goal in modeling the data was to predict the age for a

given height it is more straight forward to just consider the height as

the independent variable and find a logarithmic model.

Now enter: -15.544 + 6.6539In(50) a5

and get the same age = 10.5 years.

Notice the calculator employs the

natural logarithm (In), which is

right below the log button on your

calculator.

y =-15.544 +6.6539In(x)

Tree Height -vs- Age

25 30 35 40 45 50
Height (ft)

It turns out that there are two types of logarithms, and we will have to stick our heads a little further

into the rabbit hole to make sense of them. Logarithmic and natural logarithmic equations will be our

point of discussion in chapter 5.
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Chapter 5
Section 5.1: The Shape of a Logarithmic Equation

John Napier published his invention of the logarithm in 1614; pictured here in a
stylish ruff and trendy beard-goatee.

We did not need to know this before, but

logarithms are generically base 10. If you

enter log(90) into your calculator it
This is because
Log(90) is

the question 10

returns approximately 1.954.
of the hidden base 10.
understood to be log 10 90; remember this answers
to what power is 90 (10* = 90)? Since 102 = 100, it
that the calculator gives a result just below 2. Log-a-rhythms

makes sense

Let’s look at a generic logarithmic equation and find its graph:

Example 5.1.1: Graphing a Logarithmic Equation

Find some ordered pairs then graph the equation: y=4 + 2logx

Solution:
You are free to pick any positive value for “x” in the logarithmic equation; negative numbers do
not work since there is no power you can raise 10 to that will result in a negative number.

A partial list of ordered pairs is shown in the table.

X y
1 4.0
2 4.6
4 5.2
6 5.6
10 6.0
14 6.3 ot
f.—."
y =4+ 2logx
y =4 + 2log(6) replace x with 6 »
y=4+2(.7782) enter log(6) into your calculator
y =4+ 1.5564 multiplication first
y=5.6 addition next

« Note: Notice that logarithmic graphs increase quickly at first then level off over time while
the exponential graphs of chapter 4 increased slowly at first then dramatically over time.
Logarithmic equations do a better job of modeling things that level off in their growth like

alligators, trees or populations with limited resources (i.e. fish in a pond).
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Consider the divorce data for white females over the age of 15 in the chart:

Example 5.1.2: Graphing Logarithmic Data

Graph the data and make a prediction for the divorce rate in 2030. Year Percent Divorced
1970 3.4
1980 6.4
Solution: 1990 8.6
2000 10.2
2008 11.1

Percent of Divorced White Females

14 ¢

12 |
w0t The graph shows a trend that
i levels off over time just like the
shape of the graph we saw in

Percent Divorced

example 5.1.1.

A good estimate for the divorce
rate would be just under 13%,
based on the trend.

1960 1870 1980 15990 2000 2010 2020 2030

Year

# Note: Notice the rate of change (slope) can be seen to be declining even before graphing.

6.4 —3.4
> . . .
1980 — 1970 0.3, meaning an increase of 0.3% per year
86—-64 0.22 . ' 0220
1990 — 1980 ,meaning an increase of 0.22% per year
102-86 0.16 _ ‘ o160
T — oen LG i) G B s of 0.16% per year
111-102 011 . ' 011
2008 — 2000 ,meaning an increase of 0.11% per year
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Chapter 5
Let’s look at a logarithmic equation that is decreasing and find its graph:

Example 5.1.3: Graphing a Decreasing Logarithmic Equation
Find some ordered pairs then graph the equation: y=5.2 - 8.7logx

Solution:
You are free to pick any positive value for x in the logarithmic equation.

8
A partial list of ordered pairs is shown
in the table. 3
4
X y
1 5.2 )
2 2.58
3 1.05 0
4 | -04 ° P
6 |-1.57 2
9 -3.1
13 | -4.49 *
y =5.2 - 8.7logx
y =5.2 - 8.7log(3) replace x with 3
y=5.2-8.7(.4771) enter log(3) into your calculator
y =5.2-4.1508 multiplication
y = 1.05 rounded to the hundredth place

& Note: Notice this logarithmic graph decreases quickly at first then levels off over time.
Logarithmic equations do a good job of modeling things that level off in their decline like a
dieter’s progress, a river level after the rain stops, or price per unit for bulk purchases.

Mathematicians refer to the acceptable inputs “x’s” in an equation to be the equation’s domain.
The domain of a logarithmic equation is all x's greater than zero.
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Section 5.1: Problem Set

1.

Stores commonly offer a cheaper unit price for large quantity
purchases. Quantity Unit Price
1 100.00

a) Make a graph of the data large enough to include a quantity of 2 80.00
30 (use graph paper, label completely, and choose the correct 5 70.00
axis for the independent(x) and dependent(y) variables). 10 50.00

b) Find the slope between quantities 1 and 2. Explain the meaning 20 40.00
of the slope in context.

c) Find the slope between quantities 5 and 10. Explain the meaning of the slope in context.

d) Add atrend line to the graph.

e) Estimate the unit price for a quantity of 30.

f) Estimate the quantity for a unit price of $44.

Partycheap.com offers a bulk discount for buying

more items. Bulk Discount

Buy.. Save... New Price...

a) Make a graph of the data (use graph paper, 12-23 15% 511.3%a.
label completely, and use the first number in 24-71 20% §10.72ea.
the buy range for the independent(x) variable 72 or mors 30% 50 392q
and new price for the dependent(y) variable).

b) Find the slope between buying 12 and 24,
accurate to 3 decimal places. Explain the meaning of the slope in context.

c) Find the slope between buying 24 and 72, accurate to 3 decimal places. Explain the
meaning of the slope in context.

d) Add atrend line to the graph.

e) Estimate the number a customer would have to buy to pay $10ea.
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138

3.

The relationship between diameter and height of a tree is

shown in the table.

a)

b)

c)

d)

f)

Make a graph of the data large enough to include a 6
foot diameter tree (use graph paper, label completely,
and choose the correct axis for the independent(x) and
dependent(y) variables).

Find the slope between the 2 and 4 foot diameter trees.
Explain the meaning of the slope in context.

Diameter(ft) Height (ft)
1.0 41
1.5 39
1.8 69
2.0 75
3.3 101
4.0 109
4.4 112
5.0 116

Find the slope between the 1.5 and 4.4 foot diameter trees, round to the nearest tenth

place. Explain the meaning of the slope in context.
Add a trend line to the graph.

Estimate the height of a 6 foot diameter tree.
Estimate the diameter of a 30 foot tall tree.

The Illinois River flow in cubic feet/second (CFS) is shown in
the month of May as the rainy season ends and the level
starts dropping.

a)

b)

d)
e)
f)

Make a graph of the data large enough to include 1000
CFS and May 22" (use graph paper, label completely,
and choose the correct axis for the independent(x) and
dependent(y) variables).

Find the slope between May 8" and 12%. Explain the
meaning of the slope in context.

Find the slope between May 14" and 16%™. Explain the
meaning of the slope in context.

Add a trend line to the graph.

Estimate the flow on May 22,

Estimate the date the flow was 1000 CFS.

May Level
8 744
9 645
10 558
11 4932
12 442
13 398
14 367
15 342
16 324
17 302




Temperature and snowfall are related. The data in the table

is recorded monthly for Crater Lake National Park.

a)

b)

d)

f)

Make a graph of the data large enough to include 15°
(use graph paper, label completely, and choose the
correct axis for the independent(x) and dependent(y)
variables).

Find the slope between 40.9° and 36.5°, round to the
nearest tenth place. Explain the meaning of the slope in
context.

Find the slope between 17.8° and 18.4°, round to the
nearest tenth place. Explain the meaning of the slope in
context.

Add a trend line to the graph.

Estimate the snowfall if the temperature is 15°.
Estimate the temperature if there is 72 inches of snowfall.

Section 5.1

Average Low Average
Temperature (°F)| Snowfall (in.)

17.8 104.9
18.4 838
15.1 84.2
227 44.9
28.5 201
341 3.8

41 0.2

40.9 0.1

36.5 2.8

30.7 21.6
23.5 63.6
19.5 93.5

139




Chapter 5

Section 5.2: Finding Logarithmic Equations

In this section we learn how to find a logarithmic equation from ordered pairs using regression.

Again, the equation gives you accurate answers between the data points and predictive power beyond

the range of the graph.

Consider the pediatric data:

Example 5.2.1: Finding a Logarithmic Equation

Baby Age -vs- Weight

Age (months)

w
o 200
§ +
E 150 y=147.61+ 47 44In(x)
)
‘D 100
=

50 -

[} t f f ! ! '

0 1 2 3 4 s 6

hidden base of e = 2.718.

The data shows the weight gain of a baby for selected months  Birth (Nov. 12, 2011) 7 pounds, 2 ounces

during the first year. Use the regression feature of your 1month 9 pounds, 9 ounces
graphing calculator to find a logarithmic equation to model 2months 10 pounds, 11 ounces
the data. Then use the equation to predict the weight at 20 3months 12 pounds, 10 ounces
months. 4 months 13 pounds, ounces
6 months 14 pounds, 7 ounces
Solution:
o ) 7 months 14 pounds, 14 ounces
Enter the 7 ordered pairs into your calculator changing the T g

weight to ounces and use logarithmic regression (LnReg) and
see if you agree with the natural logarithmic equation listed on the graph. The weight at birth (age 0)
must be left out to find a logarithmic model since the log(0) is undefined.

y = 147.61 + 47.44In(x)
y =147.61 + 47.44In(20) replace x with 20

y =147.6 + 47.44(2.9957) exponents first
y =147.61 + 142.12 multiplication next
y =289.73 addition last

Final Answer: If the pattern continues, the
baby’s weight will be approximately 290
ounces (or 18lbs, 2 0z.) in the 20™" month.

« Note: Recall from chapter 3 that power equations have the same basic shape. Regression
gives a very good power model for the data as well: y = 151.07x%24. Replacing “x” with 20 in
this equation results in a prediction of 310 ounces for the baby’s weight in the 20" month.

# Note: The calculator employs the natural logarithm (In) instead of the common logarithm
(log) for regression. Common logarithms have a hidden base of 10, natural logarithms have a

Natural logarithms are base e. The symbol e is used in place of its messy decimal approximation

(2.718281828); just as the symbol 1 is used in place of its messy decimal approximation (3.14159265).
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Without sticking our head in so deep into the rabbit hole that we fall in ... here is a brief explanation of

the origin of e:

Consider the exponential model for $100 in savings growing annually at 6% for 5 years.
The amount (A) it would grow to would be:

A =100(1 +.06)° = $133.82 ... recall the equation y =ab* from chapter 4 where “a” is the initial
value and “b” is the growth rate.

If your $100 grew monthly, 6% would have to be divided by 12 to find the monthly interest rate
(.06/12 = .005), and instead of growing for 5 years, it would grow for 60 months:

A =100(1 +.005)%° =~ $134.89 ... you make more money if it is compounded more often.

If your dollar grew daily, 6% would have to be divided by 365 to find the daily interest rate
(.06/365 =~ .00016438), and instead of growing for 5 years, it would grow for 1825 days:

A =100(1 +.00016438)8%°> ~ $134.98

In nature plants, animals, and populations grow continuously not yearly, monthly or even daily. Watch
what happens when the growth we add to 100% gets smaller while the number of times it grows gets
larger:

(1 + %)8 ~ 2.5658

20
1+ —) ~ 2.6533
( 20

50

1
1+—) =~ 2.6916
(145

3000

400000

1
(1 + 400000) ~ 2.7183

If we let the number we are changing go to infinity we get this curious decimal e that, like 71, goes on

forever without any discernable pattern.

This discovery led to an exponential equation with e as its base which is used to model continuous
growth. Most things grow continuously, so your calculator uses the natural logarithm for regression.

4 )

Continuous Exponential Growth

Reconsider the previous compound interest example now

using the continuous exponential growth model:
A =100e!%°%) = $134.99 ... this is the limit we saw it
approaching as we compounded the interest more often.

A = Age't models continuous

growth; where Ao = initial

SR 1 2 e, i s T This equation models anything that is growing (or declining)

continuously: weeds, possums, city populations, home
\ j values, river levels, bacteria, and even the spread of disease.
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Since e shows up regularly in nature in the base of exponential equations, it

made sense to create a logarithm with e as its base to save time ... .
Natural Logarithm

appropriately named the natural logarithm.

In x = logex
Consider the coffee prices:
Example 5.2.2: Finding a Logarithmic Equation
The prices are for the Human Bean Granita, Size (0z.) Price
really just an expensive and delicious .
8 $2.25 (3

chocolate Slurpee.
Use the regression feature of your graphing 12 $2.75
calculator to find a logarithmic equation to 16 $3.25
model the price/ounce as a function of the

. . 20 $3.75
size. Then use the equation to come up

with a price for their 32 ounce size.

Solution:
Divide price by ounces (i.e. $3.25/160z. = $.2031/0z. or 20.31¢/0z.).

Entering the 4 ordered pairs into your Size (oz.) Price/oz.

calculator and using logarithmic regression

(LnReg) returns the equation: . 28.13¢/o0z.

y = 49.15 - 10.31Inx; where x = the ounces 12 22.92¢/oz.

and y = the price per ounce. 16 20.31¢/0z.
20 18.75¢/0z.

y =49.15 - 10.31Inx

y =49.15 - 10.31In(32) replace x with 32

y =49.15-10.31+3.466 exponents first (logarithms are a form of an exponent)

y =49.15 - 35.73 multiplication next

y=13.42 subtraction last

13.42¢/0z. ® 32 0z. = 429¢

Final Answer: Modeling the decrease in price per ounce with a natural logarithmic equation would
suggest a price of $4.25 or $4.50 since they like to round their prices to the quarter.

# Note: Interestingly, their price is presently $6.00 for this drink which is 18.75¢/ounce, so
there is no incentive to choose the larger size over the 20 oz. size.
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Section 5.2: Problem Set

1. The relationship between diameter and height of a particular | Diameter(ft) Height (ft)
tree is shown in the table and graph. 1.0 41
1.5 39
. . . . . 1.8 69
a) Use regression to find a logarithmic equation to model 20 =
the data. Round the numbers in your equation to 2 3'3 101
decimal places. .0 109
b) Use your equation to estimate the height of a tree with a a.4 112
diameter of 6 feet, accurate to 1 decimal place. 5.0 116
c) Use your equation to
estimate the height of a tree Tree Diameter -vs- Height
with a diameter of 8 feet, 140
accurate to 1 decimal place. 5o
/‘/’1>
100 ,/‘-
&
i T
e =
I
40
20
0
0 1 2 3 4 5 6
Diameter (ft)
2. The lllinois River flow in cubic feet/second (CFS) is shown in
May Level
the month of May as the rainy season ends and the level 3 =
starts dropping. 9 645
10 558
a) Use regression to find a logarithmic equation to model 11 497
the data. Round the numbers in your equation to 2 12 442
decimal places. 13 398
b) Use your equation to estimate the level on May 2, 14 367
accurate to the nearest cubic foot. 15 342
c) Use your equation to estimate the level on May 25, 16 324
accurate to the nearest cubic foot. 17 302

lllinois River Flow
200

s
700

—_ .
= :\
S 00 |
= 5 7
[] E \
3 500 ¥
= r L 2
L] &
2 400 : T r
x -
_ -
300 - <&
200 +
8 10 12 14 16
May
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3. Consider the price list for rectangular tarps of different sizes.

a) Use regression to find a logarithmic equation to model the data using area as the “x”
variable and price per square foot as the “y” variable. Round the numbers in your equation
to 3 decimal places.

b) Use your equation to determine the right price for the 2 larger tarps in the table. Round to
the nearest dollar.

Dimensions | Area Price Price Per
Square Foot

5 x7 S4
6'x 8 $5

8’ x 10’ S8

10'x 12’ S11

12’ x 14 $15

16" x 20’ $26

20" x 24’

24’ x 30’

144

4. Temperature and snowfall seem like they would be related.
The data in the table is recorded monthly for Crater Lake Ter::f:ul;:‘;'ﬂ sn::;:f;n_]
National Park. 178 101.9
18.4 83.8
a) Use regression to find a logarithmic equation to model 19.1 84.2
the data. Round the numbers in your equation to 2 22.7 44.9
decimal places. 28.5 20.1
b) Use your equation to predict the snowfall for a month 3;;1 {3}'2
with an average temperature of 25° rounded to the 20.9 01
nearest inch. 36.5 78
c) Use your equation to predict the snowfall for a month 30.7 21.6
with an average temperature of 15°, rounded to the 23.5 63.6
nearest inch. 19.> 23.>

Crater Lake Climate

120

v
e

8

Average Snowfall {inches)
S

20 +

o e e e S

15 20 25 30 35 a0 as
Average Temperature (°F)

L 2
>

¢




Stores commonly offer a cheaper unit price for large quantity

Section 5.2

Quantity Unit Price
purchases.
1 100.00
a) Use regression to find a logarithmic equation to model the 2 80.00
data. Round the numbers in your equation to 2 decimal 3 70.00
places. 10 50.00
b) Use your equation to find an appropriate unit price for a 20 40.00
customer who purchases 15 items.
c) Use your equation to find an appropriate unit price for a customer who purchases 25 items.

Partycheap.com offers a bulk discount for buying in larger quantities. The owner decided to

make a new price list giving a different discount for any number purchased.

a)

b)

Use regression to find a logarithmic equation to model the data. Use the first number in the
buy range for the independent(x) variable and new price for the dependent(y) variable

Round the numbers in your equation to 2 decimal places.
Use your equation to find the new price

for a customer who purchases 20 items. Bulk Discount

Use your equation to find the new price Buy... Save...
for a customer who purchases 40 items. 12 .23 159
Use your equation to find the new price 2.7 20%
for a customer who purchases 1 item.

The chart lists $11.39 as the price 72 or more 30%

New Price...
511.302a
510.72za.
50 382a.

following a 15% discount. Calculate the original price per item from which the discounts are

taken.
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7. The number of Religious Brothers worldwide is shown in the table.

Years After

Consider the data as years past 1960. 1960 Number
5 12271
a) Use regression to find a logarithmic equation to model the data. s 2625
Round the numbers in your equation to 2 decimal places. 20 2041
b) Ps; ylour equation to predict the number of Religious Brothers 75 7522
in 2015. 30 6721
c) Use your equation to predict the number of Religious Brothers 35 c53c
in 1962. 10 5662
Religious Brothers Worldwide 45 451
50 4690

13000
12000 b

11000 \
10000

2000 \

@
=1 *
g 8000
= 7000 S
HH!N,
6000
_\“irr—‘.__‘_4
5000 L‘“‘\—o
4000
5 10 15 20 25 30 35 40 45 50
Years After 1960




Section 5.3
Section 5.3: Using Logarithmic Equations

Consider the growth curve for the female California Halibut:

Example 5.3.1: Estimating Age Age (yrs) | Length (mm)
The data models the age versus length of the female halibut in California. 3.6 390
5.7 575

Use the regression feature of your graphing calculator to find a 12.6 920
logarithmic model for the data. Then use the equation —
to estimate the age of an 1100 mm female halibut ::r _/,///
caught by a biologist. . o« -
Solution: gsoo A FisH FROM THROUGHOUT CALIFOANIA
Enter the 3 ordered pairs into your calculator to obtain = 400 o
the equation: y =-157.47 + 424.37Inx 300 //1

200
y = -157.47 + 424.37Inx
1100 = -157.47 + 424.37Inx replace y with 1100 e L
1257.47 = 424.37Inx add 157.47 to both sides T ot g o). A
2.963 = Inx divide both sides by

424.37

2 e 5 switch to exponential form
x=19.4 enter e72.963 in your calculator (e* is located above the LN button)

Final Answer: The female halibut is approximately 19 years old.

# Note: Recall from chapter 3 that power equations have the same basic shape. Regression
gives a power model for the data as well: y = 169.34x%67>; Replacing y with 1100 in this
equation results in a prediction of about 16 years of age.

Recall from section 4.3 that the logarithmic expression x = logs12 was introduced to solve the
exponential equation 4* = 12. We used the same principle in the reverse direction in the previous

2.963

example. 2.963 = logex, so this also must be solving the equation e =x. Formally then, you can

convert back and forth from logarithmic to exponential equations as needed:

Converting back and forth from

Logarithmic to Exponential

Logarithmic form: a = Logbc

\ Exponential form: b?=c j
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Consider the data recorded on glacial width:

Example 5.3.2: Glacial Retreat

The data shows the width of a glacier measured in meters over a 30 Year Width (m)
year period. 1975 235

1980 210
Use the regression feature of your graphing calculator to find a 1985 196
logarithmic model for the data, considering 1975 to be year 5. Then 1990 186
use the equation to predict the year the glacier will be down to 150 1995 178
meters wide. 2000 171

2005 166
Solution:

Enter the 7 ordered pairs into your calculator to obtain the equation: y = 291.96 - 35.45Inx

y =291.96 - 35.45Inx
150 = 291.96 - 35.45Inx replace y with 150

-141.96 = -35.45Inx subtract 291.96 from both sides
4 = |nx divide both sides by -35.45
et=x switch to exponential form

x =55 enter e in your calculator

Final Answer: The year would be 1970 + 55 or 2025.

The Easton Glacier retreated 255 m
(837 ft) from 1990 to 2005.
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Section 5.3: Problem Set

Section 5.3

1. The relationship between diameter and height of a particular | Diameter(ft) Height (ft)
tree in is shown in the table and graph. 1.0 41
1.5 39
. . . . . 1.8 69
a) Use regression to find a logarithmic equation to model 20 =
the data. Round the numbers in your equation to 2 3'3 101
decimal places. .0 109
b) Use your equation to calculate the diameter a tree a.4 112
should have to be 90 feet tall, accurate to the tenth 5.0 116
place.
¢) Use your equation to Tree Diameter -vs- Height
calculate the diameter a tree 140
should have to be 150 feet
120 »
tall, accurate to 1 decimal /»/‘/ﬁ
100 ’/‘-
place. £
=% =
® A
1]
I
40
20
0
0 1 2 3 4 5 6
Diameter (ft)

2. The lllinois River flow in cubic feet/second (CFS) is shown in May Level
the month of May as the rainy season ends and the level 8 744
starts dropping. J 645

10 558
. . . . . 11 492
a) Use regression to find a logarithmic equation to model o 442
the data. Round the numbers in your equation to 2 13 398
decimal places. 12 357
b) Use your equation to calculate the date the level will 15 342
drop to 200 CFS, accurate to the nearest tenth place. 156 324
c) Use your equation to calculate the date the level was 17 an?
1000 CFS, accurateto 1
decimal place. lllinois River Flow
800
L 4
700
w
g 600 \
g 500 \,
E 400 g +
E -
300 4
200
8 10 12 14 16
May
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3. The data in the table is recorded monthly for Crater Lake

150

National Park.

a) Use regression to find a logarithmic equation to model
the data. Round the numbers in your equation to 2
decimal places.

b) Use your equation to predict the temperature necessary
to produce 50 inches of snowfall, accurate to 1 decimal
place.

c) Use your equation to predict the temperature necessary
to produce 120 inches of snowfall, accurate to 1 decimal

place.
Crater Lake Climate
120

w100 \ 2
S i \;
= L
= 80 @
& :
2 60 d
] r
v [
@ B @
Eﬂ a0 +
$
< 20 +—|2

0 | | Ldd .’ \. | &

15 20 25 30 35 40 45
Average Temperature (°F)

Stores commonly offer a cheaper unit price for large quantity
purchases.

a) Use regression to find a logarithmic equation to model the
data. Round the numbers in your equation to 2 decimal
places.

b) Use your equation to find an appropriate quantity for a

Average Low Average
Temperature (°F)| Snowfall (in.)
17.8 104.9
18.4 83.8
19.1 84.2
227 44.9
28.5 20.1
34.1 3.8
41 0.2
40.9 0.1
36.5 2.8
30.7 21.6
23.5 63.6
19.5 93.5
Quantity Unit Price
1 100.00
2 80.00
5 70.00
10 50.00
20 40.00

customer who wishes to get a $35 unit price, accurate to the

nearest whole number.

c) Use your equation to find an appropriate quantity for a customer who wishes to get a $60

unit price, accurate to the nearest whole number.




Section 5.3
Partycheap.com offers a bulk discount for buying in larger quantities. The owner decided to

make a new price list giving a different discount for any number purchased.

a) Use regression to find a logarithmic equation to model the data. Use the first number in the
buy range for the independent(x) variable and new price for the dependent(y) variable
Round the numbers in your equation to 3 decimal places.

b) Use your equation to find the amount a

customer should be asked to buy to get Bulk Discount
a price of $10 each, accurate to the Buy... Save... New Price...
nearest whole number. 12.23 159 £11 30es.
c) Use your equation to find the amount a 2471 0%, $10.72ea.
customer should be asked to buy to get
12 or more K115 50 38ea.

a price of $9 each, accurate to the
nearest whole number.

The number of Religious Brothers worldwide is shown in the table.
) Years After
Consider the data as years past 1960. 1960 Number
5 12271
a) Use regression to find a logarithmic equation to model the data. s Py
Round the numbers in your equation to 2 decimal places. 20 2041
b) Use your equation to predict the year there were 10,000 75 —T
Religious Brothers. Rounded to the nearest tenth. 30 57721
c) Use your equation to predict the year there will be 4,000 35 5535
Religious Brothers. Rounded to the nearest tenth. 10 5662
Religious Brothers Worldwide 45 2451
13000 50 4690

12000 'K\\\
11000
10000

2000 \\

@
2 *
g 8000
= *

7000

"“H!N’
6000
_\_“iv‘--—x_ﬁh‘4
5000 L““‘“ﬁ:’
4000
5 10 15 20 25 30 35 40 45 50
Years After 1960
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Chapter 6:
Choosing the Right Model

Speed vs. Oxygen Consumed

Cxeygen consumiption
?0 -

1"
Min. to wn 1.5 miles

4 )

Now the training wheels come

http://v8doc.sas.com/sashtml/analyst/chap1/sect6.htm

off and we are left to find our
own balance as to which of the
five equations we have studied

will be the best model.

We will need a good mix of

\training and practice. j




Section 6.1
Section 6.1: Compliant Data

We have studied five of the basic functions in the preceding chapters and looked at data that reasonably
fit each type of function. This section will give you some practice at choosing the correct model for data
when the choice is up to you.

Recall the shapes that we have observed and their equations, and note the effect of the negative
coefficient on the shape:

+a
. = +
Linear: ymax+b

-a

+a
Quadratic: y=ax"+ bx + ¢
-4
> 0O<b<|
\ P T
Power: N +ta  €P>1 oy =ax”
/ \\.\\7\ ’//
<0
v b> |
+a
Exponential: N rd X
“\‘\. /./_.- y = ab
A O<b<|

+b
Logarithmic: y =a + blnx

-b
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Notice that the relationship between

investment and unemployment shown in s
the graph could be reasonably modeled 104 .
by any of the functions we have studied, 2 ',
with the exception of an exponential - -
function. B g
= o
L L ]
g 7 s .°.o
= L) L
£ - ® e
) 6 *° oo
5 ol P
54 oo ‘s
® oo 2 e o®
e
44 L
3 T T T T T T 1
11 12 13 14 15 16 17

Investment to GDP ratio

18

http://gregmankiw.blogspot.com/2011/03/striking-scatterplot.html

Ultimately choosing the correct equation to model data is a dynamic process ... it is not an exact science!

There are some basic guidelines, however, that should be considered that can be easily memorized with

the mnemonic ERC.

Choosing the right equation to model data is based on 3 considerations (ERC):

1. Eyeball test: Observing the “fit” of the graph with the ordered pairs in STATPLOT on the

graphing calculator.

2. R-value: Which equation has the correlation coefficient nearest to 1?

3. Common sense: You may know something about the relationship that would affect your choice.

4 )

CHOOSING THE BEST MODEL

1. Eyeball Test
2. R-value

3. Common Sense

o J




Section 6.1
Consider the data regarding the effect of government spending:

Example 6.1.1: Government Investment -vs- Unemployment

The data shows the effect of government investment on the Investmentto | Unemployment
unemployment rate. GDP Ratio Rate (%)
Use the features of your graphing calculator to find the best Ei 180.6312
model for the data. Then use the equation to predict the 13'9 7'12
investment ratio required to get the unemployment rate to 3%. - -
15.2 5.72
Solution: 16.3 4.83
1. The eyeball test: 17.4 4.34
Enter the data in the STAT button  Set up STAT PLOT as shown  ZoomStat behind the ZOOM button
L Lz [ 3 Eﬂﬂgtz Floks a
R — SFet BN 1 b .
iza |74z HH- HIH | .
il Alistil -
FECI Wlistilz : o
------------ Mark: B +« - . a
Litii= . . . .. ..

The eyeball test rules out the linear function since the data curves.

2. R-value:
The R-value (and eyeball) would favor the quadratic model slightly over the power model. Notice you

have to compare the r? values since that is all the quadratic regression model provides.

uadEeg
u=gxi+hytc
a=, 12EIB3526
b=-5.6577181
=65, 7291226
Rz=,992891393

3. Common sense:
The quadratic model does not pass the common sense test since it begins
increasing when viewed in a larger window.

Final Answer: The power function is the best model.
2.49

. n

Substituting 3 for “y” in the power equation: y =5175.13x%*’ and solving for “x”, gives an investment

GDP ratio of 19.9.
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Consider the health data:

Example 6.1.2: Spread of a Disease

The data from the center of disease control (CDC) shows the Flu Cases
number of cases of the flu in a region without a vaccination Year (thousands)
program. 2008 27.7
Use the features of your graphing calculator to find the best ALiE o
model for the data. Then th tion to predict the number 2010 32.7

fo e 9 e data. Then use the equation to predict the numbe 2011 354
of cases in 2016. 2012 208
Solution: 2013 50.3

Where the x-values are dates (or any large number) it is usually wise to choose something smaller.
Choosing 2008 as year 0 is a bad idea because logarithmic and power equations will not work.
Choosing 2000 as year 0 makes 2008 conveniently an 8 ... this is a good idea.

Choosing 2008 as year 1 will also work.

1. The eyeball test:

L1 Lz Lz E = | Entering the data with 2008 as year 1, the eyeball
i 2.7 | —— .
% %g; test would suggest quadratic, power or
'_..-f ?.E;E . exponential as possible options.
& 0. B
Laihi= 'f
2. R-value: Luadkea Furke3 ExrFrRe3
g=ax E+hcbc g=gd"h g=gkh
The R-value would 3=.5464285714 =25, 37719749 3=23, 55505929
favor the quadratic b=-1.642142857 b=, 2BA2cA5312 b=1.1225231683
c=28, 9& =, 8134656019 ri=, 9562810857
model. The power Ri=,99812652 =, 9819232794 =, 377E262484
model is surprisingly
disappointing. Further
investigation reveals
that the power model
must pass through
(0,0) for positive
values of b.

3. Common sense:
There is no reason to rule out the quadratic model this time since its vertex is in the past and we are
predicting the future. It should be noted that if we were interested the number of cases before 2008 we
would have to rule out the quadratic model.

Final Answer: The quadratic model has the best r-value. Substituting 9 for x into
y = .846x% - 1.642x + 28.96 and solving for “y”, yields y = 82.708; meaning 82,708 cases in 2016.

« Note: One could use the first 5 points to find an equation then see which does the best job
of predicting 2013, since we know it.




Section 6.1: Problem Set

1.
listed in the table as a function of age.

a)

The number of single men in a sample taken from the OkCupid dating site is

Use regression and the graph of the data to find the best model for the

decreasing side of the graph. (The curve for the men peaks over 7,000)

b) Briefly defend the equation you
chose to model the data.

c¢) Use your equation to estimate
the number of single men you
would expect at ages 30 and 40
and compare to the number

represented on the graph.

a)
best model for the data.
b)

Section 6.1

Age | Number
27 6000
34 2400
46 1000

8,000 -

7,000 -

6,000 -

5,000 -

4,000 -

3,000

2,000 -

1,000 -

0

Distribution of Singles On OkCupid, By Age

—OMEN  —d2n

18 20 22 29 26 28 30

32 34 36 3B 40 42 44 45 48

Briefly defend the equation you chose to model the data.

The graph shows how barrel length effects muzzle velocity for a .44 magnum bullet.

Choose some points off the graph and use regression and the graph of the data to find the

Compare the vertex that your equation would specify with the graph (see section 2.3).

1700

Muzzle Velocity VS Barrel Length
44 Magnum Cor Bon 165 gr. JHP
http:ihwww . ballisticsbytheinch.com/d4mag.html

1600
1500
1400
1300
1200
1100
1000

900

oo

Ton

Velocity, FeetiSec

GO0
500

300
200
100

10 12 14 16 18 20 22

Barrel Length, Inches

4 Fi ]
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3. The growth curve for boys used by health care professionals is shown below. The center curve
represents the average length and the outer curves pertain to 2 and 3 standard deviations from
this average (a statistics course will teach you what to make of standard deviation).

a) Identify some ordered pairs from the center graph and use regression and the graph of the

data to find the best model for the data.
b) Briefly defend the equation you chose to model the data.

c) Use your equation to calculate to predict the length a boy “should” be at 36 months.

Length-for-age BOYS

Birth to 2 years (z-scores)

723 World Health
¢ Organization

Length (am)

10 n 1 2 3 4
1 year
Age (completed months and years)

4. The flow during the month of May is shown for the Chetco River in
Oregonin 2014.

a) Use regression and the graph of the data to find the best model
for the data.

b) Briefly defend the equation you chose to model the data.

c) Use your equation to predict the flow on June 9.

d) Use your equation to predict the day the flow will hit 345 CFS.

e) Find the slope between May 10" and 14 and explain its meaning
in context.

WHO Child Growth Standards

May Flow (CFS)
10 3430
12 2230
14 1670
16 1370
18 1260
20 1080
22 963
24 868
26 787
28 720
30 657




5.

The number of payday loan calls received by National Debtline is shown in

the table over a recent 5 year span.

Section 6.1

Year | Number
2007 480
2008 860
2009 1300
2010 | 3,500
2011 | 10,000
2012 | 20,000

a) Use regression and the graph of the data to find the best model for the
data, considering 2007 to be year 1.
b) Briefly defend the equation you chose to model the data.
c) Use your equation to estimate the number payday loans that could be
expected in 2014.
d) Use your equation to predict the year the number of payday loan calls will reach 50,000.
20000 /.41‘: 3 > ‘
15000 |
v
10000 AT ?\‘ v
s000 H 7 32m
{-
0 4 > & "
2007 2008 2009 2010 2011

Paxdax loan calls to National Debtline

2012

Prices for drip coffee at a drive through stand are shown in the table. Size (0z.) | Price
8 $2.00
a) Use regression and the graph of the data to find the best model for the
d 12 $2.50
ata.
b) Briefly defend the equation you chose to model the data. 16 $3.00
c) Use your equation to set a price for a 32 ounce coffee, rounded to the 20 $3.50
nearest quarter.
24 $3.75
Prices for the Java Chip Smoothie at the Human Bean Size (0z.) Price Price(¢)/oz.
are shown in the table. 3 $3.00
a) Calculate the price per ounce for each size . 12 53.50
b) Use regression and the graph of the data to find 16 $4.00
the best model for the data (size versus 20 $4.50
price/oz.).
c) Briefly defend the equation you chose to model the data.
d) Use your equation to set a fair price for a 32 ounce smoothie, rounded to the nearest 25¢.
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8. The table shows how the field strength (measured in Gauss) drops Distance Strength
off with distance for a Samarium Cobalt Grade 18 disc magnet (1 (inches) (Gauss)
inch in diameter and % inch long). 0625 2690

2320
a) Use regression and the graph of the data to find the best model 125
for the data. .250 1660
b) Briefly defend the equation you chose to model the data. 375 1160
c) Use your equation to predict the field strength at 1.15 inches. 310
d) Use your equation to find the distance for a field strength of 500
1000 Gauss. 625 >80
e) Give and explain the meaning of the x-intercept. .750 420
875 310
1.000 240

9. The maximum discharge of some of the rivers in Kansas Drainage Area | Maximum Flow
measured in cubic feet per second (CFS) is shown relative (square miles) (CFS 1000's)
to their contributing drainage areas. 66 1.34

.92 1.87
a) Use regression and the graph of the data to find the
best model for the data. 1.45 2
b) Briefly defend the equation you chose to model the 1.65 2.44
data. 2.06 7.08
c) Use your equation to predict the maximum flow for a
river that drains 100 square miles. 4.09 10.2
d) Use your equation to predict the drainage area for a 8.85 20.5
river with a maximum flow of 150,000 CFS. a1 40
92 90
129 107
181 128




10. The table shows the gallons per minute (GPM) that
various tank-less water heaters can produce based

on the degree that the temperature must be raised.

a) Use regression and the graph of the data to find

the best model for the NR 66 Series for the

GPM as a function of the temperature.
b) Briefly defend the equation you chose to model

the data.

c) Use your equation to predict the temperature

rise you will get if the tank produces 10 GPM.

d) Find the slope between 40° and 50° and explain

its meaning in context.

Section 6.1

Gallons per Minute (GRM)
)| A1 M0 | s | |
Series | Series | Series fes | Series | Series
30 T | 111 ] 98 83 11 6.6
35 1.0 | 106 | 9.2 83 1 6.6
40 105 | 93 8.4 1.6 11 57
45 93 84 75 6.7 6.3 53
50 84 74 6.7 6.1 58 4.6
55 76 | 68 6.1 55 52 4.2
60 70 | 62 5.6 5.0 48 38
65 6.5 58 5.2 4.7 414 35
70 60 | 53 48 43 41 33
75 5.6 50 4.5 40 38 3.1
80 53 45 4.2 3.8 6 29
85 49 | 44 40 3.6 34 27
90 47 | 41 37 3.4 32 26
95 44 39 35 3.2 3.0 24
100 | 42 3.7 34 3.0 29 23

11. The table shows the natural gas flow in thousands of BTU’s/hour for different pipe lengths and

diameters. The longer the pipe the more inhibited the flow of natural gas because of the

increase in friction.

a) Consider the 1-inch pipe and use regression and the graph of the data to find the best model

where the flow is a function of the pipe length.

b) Briefly defend the equation you chose to model the data.

c) Use your equation to predict the flow rate for 250 feet of pipe.
d) Use your equation to find the maximum length of pipe allowable if you need 210,000
BTU’s/hour of gas flow in a 1 inch pipe.

Natural Gas Piping Size Chart (From Aaladin)
Length of Size of Pipe in Inches
Pipe in Feet 1/2" 34" 1 1-1/4" 1-1/2" 2" 2-1/2" 3" 4"

10 108 230 387 793 1237 2259 3640 6434

20 75 160 280 569 877 1610 2613 5236 9521
30 61 129 224 471 719 1335 2165 4107 7859
40 52 110 196 401 635 1143 1867 3258 6795
50 46 98 177 364 560 1041 1680 2936 6142
60 42 89 159 336 513 957 1559 2684 5647
70 38 a2 149 317 476 896 1447 2492 5250
80 36 76 140 239 443 840 1353 2315 4900
90 33 71 133 275 420 793 1288 2203 4667
100 32 68 126 266 411 775 1246 2128 4518
125 28 60 117 243 369 700 1143 1904 4065
150 25 54 105 215 327 625 1008 1689 3645
175 23 50 93 196 303 583 993 1554 3370
200 22 47 84 182 280 541 877 1437 3160
300 17 37 70 145 224 439 686 1139 2539
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12. The table is used to size home water systems. It shows the feet of

head (height of the source above the faucet) that are necessary for
different pounds per square inch (PSI) of pressure at the faucet.

13.

a)

b)

d)

Use regression and the graph of the data to find the best model
where the feet of head is a function of pressure.

Briefly defend the equation you chose to model the data.

Use your equation to predict the pressure if there are 60 feet of
head.

Find the slope between 7 and 11 feet and explain its meaning in
context.

PRESSURE

T ——— T ————
POUNDS

FEET
OF HEAD

1

2.31

4.62

6.93

9.24

11.60

13.90

16.20

18.50

[0e] Heod ] Heo] Ké ) B OS] § O]

20.80

23.10

25.40

27.70

The discharge rate of water in gallons per minute (GPM) is shown in the table as a function of

the horizontal discharge distance (A)
in inches for various pipe diameters.

a)

b)

Use regression and the graph of

the data to find the best model for

the discharge rate as a function of

A for the 1% inch diameter pipe.

Briefly defend the equation you chose to model the data.

Use your equation to predict the discharge rate for a horizontal discharge of 20 inches.

Harizontal
Distance {4} 1" 11/4" 1 112" 2"
Inches
4 B8.70 8,80 13.30 2200
5 7.10 12.20 1660 27.50
& 8.50 14.70 20.00 33.00
I 10.00 17.10 2320 38.50
g 11.30 19,60 26.50 44 00
9 12,80 22.00 2980 49,50
10 14,20 24 50 33.20 55,50
11 15.60 27.00 3650 6050
12 17.00 2800 40.00 G600
13 18,20 31.50 43,00 71.50
14 20,00 34,00 46,50 17.00
15 21.30 3630 50.00 82.50
16 2270 3900 53.00 88.00
17 4150 5650 93.00
18 60,00 949,00




14.

The chart shows the relationship between
temperature and vapor pressure.

a) Choose some points and use regression and the
graph of the data to find the best model for the
data.

b) Briefly defend the equation you chose to model
the data.

c) Use your equation to generate 2 more ordered
pairs and compare them to the graph.

Section 6.1

=
L (7] [un] [
= = = =

[l
=

“apor pressure m’H2 0 {mmHg)

/
.jcn
7
j.f
f}l‘ i
u\ﬁ“r‘fl,’_
9'4?"'“'&"
0 10 20 30 40 a0
Temperature ()

15. The table shows the discharge in gallons per minute (GPM) for different pipe diameters as a

function of feet of head. Head is the height difference between the water source and its

outflow.

a) Consider feet of head as (x) and GPM as (y) and use regression and the graph of the data to

find the best model for the 1%” diameter pipe (common for residential applications).

b) Briefly defend the equation you chose to model the data.
c) Use your equation to estimate the discharge for a 1%4” diameter pipe with 144 feet of head.

d) Use your equation to estimate the feet of head necessary for a 1%” diameter pipe to

discharge 200 GPM.

HEAD Velocity of DIAMETER OF NOZZLE IN INCHES
Discharge
Pounds | Feet | Feet PerSecond| 1 118 | 114 | 138 | 112 | 134 2 z14 | 212
10 23.10 38,60 94.50 | 120.00 | 148.00 | 179.00 | 213.00 | 289.00 | 378,00 | 479.00 | 591.00
15 34.60 47.25 116.00 | 147.00 | 181.00 | 219.00 | 260.00 | 354.00 | 463.00 | 585.00 | 723.00
20 46.20 54.55 134.00 | 169.00 | 209.00 | 253.00 | 301.00 | 409.00 | 535.00 | 676.00 | 835.00
25 57.70 61,00 149,00 | 189.00 | 234,00 | 28300 | 336.00 | 45800 | 598,00 | 756,00 | 34,00
30 69,30 56.85 164.00 | 207.00 | 256.00 | 309.00 | 368.00 | 501.00 | 655.00 | 828.00 | 1023.00
35 80.80 72.20 177.00 | 224.00 | 277.00 | 334.00 | 398.00 | 541.00 | 708.00 | 895.00 | 1106.00
40 92 40 77.20 188.00 | 239.00 | 296.00 | 357.00 | 425.00 | 578.00 | 756.00 | 957.00 | 1182.00
45 103.90 81.80 200,00 | 253.00 | 313.00 | 379.00 | 451.00 | 613.00 | 801.00 | 1015.00 | 1252.00
50 115.50 86.25 211.00 | 267.00 | 330.00 | 399.00 | 475.00 | 647.00 | 84500 | 1070.00 | 1320.00
55 127.00 90.40 221.00 | 280.00 | 346.00 | 418.00 | 49800 | 678.00 | 886.00 | 1121.00 | 1385.00
G0 138,60 94,50 23100 | 293.00 | 36200 | 43800 | 521.00 | 70800 | 92800 | 117200 | 1447.00
85 150,15 98,30 241.00 | 305.00 | 376.00 | 455.00 | 542.00 | 737.00 | 964,00 | 1220.00| 1506.00
70 161.70 102.10 250,00 | 317.00 | 391.00 | 473.00 | 563.00 | 765.00 | 1001.00] 1267.00] 1565.00
75 173.20 105.70 259.00 | 327.00 | 404.00 | 489.00 | 582.00 | 792.00 | 1037.00] 1310.00] 1618.00
a0 184,80 108,10 26700 | 338.00 | 418,00 | 50500 | 602.00 | 81800 | 107000 | 135400 | 1672.00
85 196.30 112.50 276.00 | 349.00 | 431.00 | 521.00 | 620.00 | 844.00 | 1103.00 | 1395.00 | 1723.00
90 207.90 115.80 284.00 | 359.00 | 443.00 | 536.00 | 638.00 | 868.00 | 1136.00 | 1436.00 | 1773.00
a5 216,40 119,00 29200 | 369.00 | 456,00 | 551.00 | 656.00 | 88200 | 1168.00 | 1476.00 | 1824.00
100 230.90 122.00 299.00 | 378.00 | 467.00 | 56500 | 672.00 | 915.00 | 1196.00 | 1512.00 | 1870.00
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Section 6.2: Resistant Data

The problems in section 6.1 were chosen because in determining which model fit the data best there
was one equation that stood out as a model above the others. This section will give you some practice
at choosing a model for data that doesn’t fit nicely with one of the five equations we studied without
modifications.

Two of the simple modifications that can be made are:

1. Omitting points - If there is a point that doesn’t rl-Lm L:? "3_3 B g
fit with the data, particularly if it is the first %EEE EE : o
point in a pattern over time, removing it may A |
L zood | EF a
allow a more accurate model while still being IGo= S

honest with the data. Removing it would be
dishonest in this case if your goal was to estimate what the population was before 2002.

(s A

ome regression equations do not allow for zeros in the data

a) Power and logarithmic regression will not allow a
point with an x-coordinate of 0.

b) Power and exponential regression will not allow a
point with a y-coordinate of 0.

\ J

2. Different models - There are other models that we have not covered in this course that may
work better. This graph is a sine wave reflecting the effect of the melt/freeze cycle on the
Salmon River level during spring; and it is decreasing each day as the snowpack diminishes.

USGS 11522500 SALMON R A SOMES BAR CA
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Section 6.2
Consider the ballistics data:

Example 6.2.1: The Deflection of a Bullet in the Wind

The chart and graph show how far a bullet is P - - — —
DiSt 17 HMR 17 HMR 17 AH 17 AH
deflected to the left or right of its target in a 90° (vd) 5 MPH 10 MPH 5 MFH 10 MPH
LT ) TE] T P
angle wind. Consider the data for the Hornady 0 0.0 0.0 0.0 0.0
e { { = { { {
Magnum Rimfire (HMR) in a 10 MPH wind. o §i Sjg §§ §§
7E 0.3 1.8 0.3 0.7
a) Use the features of your graphing ioo 1.5 3.3 0.8 1.2
; 125 2.6 £.3 1.0 2.0
calculator to find the best model for the 150 3.3 7.5 1.4 .3
L . 175 5.8  11.1 2.0 4.0
data where the deflection in inches is a =00 7.c 15.1 .5 5.3
function of the distance of the shot in 225 2.3 13.3 =3 5.5
250 12.6 25.3 4,3 5.6
yards. 275 i3.85  31.% 5.3 i10.6
) ) ) 300 19.2  358.5 6.4 12.9
b) Use the equation to predict the deflection

of a 375 yard shot.
c) Use the equation to estimate the distance of a shot that deflects 9 inches.

Solution:
1. The eyeball test:

The eyeball test would suggest quadratic, power or exponential as
a
a possible options.
a
a
a
a
a0 o ®
2. R-value:

Power and exponential regression will not

work unless we omit the (0,0) point. Doing PwrReg QuadReg

so, the power equation has a strong r-value
of (.9986) but the graph begins to deviate
from the data at the longer distance shots.
Quadratic regression yields a very strong

r-value of (.9996) without having to remove (0,0) and the graph fits the data almost perfectly.

3. Common sense:
The right side of the parabola continues to increase which agrees with the bullet deflecting more in the
wind with the distance of the shot.

Final Answer: LadREea
. . 2 . H=ay wto
a) The quadratic equation: y =.0005052x“ - .0265x + .5451 is the best a=5, 851 F4E3E -4
model for the data. Note the scientific notation in “a” (E -4), ,:;' é#ﬁgigig?a
RZ=,9993356243

meaning the decimal point is actually 4 places to the left.
b) Substituting 375 for “x” predicts a deflection of 61.7 inches.
c) Substituting 9 for “y” and using the quadratic formula to solve for “x” yields an estimated shot
distance of 158.2 yards. Notice this fits in between the 150 and 175 yard entries in the table.
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Consider the river speed example:

Example 6.2.2: River Flow -vs- River Speed

The time it takes the water in the Trinity River in | Lewiston Release ” Time to Cedar Flat |
northern California, released from the dam at | 500 ofs ” 74 hours |
Lewiston, to reach Cedar Flat is shown in the table. | 1000 & ” 0 b |
Use the features of your graphing calculator to find | 1500 ofs ” 14 hours |
the best model for the data. Then use the equation

to predict the time to Cedar Flat at 2000 CFS. | 3000 cfs ” 13 hours |

www.dreamflows.com/Pages/TrinitySchedule.php

Solution:

1. The eyeball test:
E The data actually fails the eyeball test, as it does not appear there is a
clear relationship. It certainly makes sense that higher flows will increase
8 the speed of the river and thus decrease the time it will take to travel a

distance. This relationship is visible in the table but then defies common
& sense when viewed as a graph. This author suspects this data is not very

accurate ... despite the fact that it was on the internet.

The point that seems to defy the pattern is (1500,14) ... let’s remove it!

2. R-value:
LnRed Furkea
g=z+h]nx =gk :
a=62. 38685326 a=211.6384345 . LnReg
=-6. 166358619 b=-.34672165885 .
rE=,9993108486 re=, 99004287373
r=-. 9996551836 =-.9958119282

The R-value favors the logarithmic model

3. Common sense:
It makes sense that the speed of the river would increase up to some limit, thus allowing the time to
decrease to some limit. It also makes sense that there would not be any “jumps” or “gaps” in the data
as the original points indicated. Removing the point can be acceptable if you note it in your conclusions.
It would of course be ideal to go test your hypothesis by collecting data more scientifically accurate.

Final Answer: The logarithmic model is the best if we omit the point (1500,14).
Substituting 2000 for x in the logarithmic equation: y = 62.387 - 6.160In(x) and solving fory,
gives a time of 15.6 hours.



http://www.dreamflows.com/Pages/TrinitySchedule.php

Section 6.2
Section 6.2: Problem Set

1. The average weight for a girl during the first years of life is shown in Age Weight
the chart. (months) | (pounds)
birth 7.13
a) Use regression and the graph of the data to find the best model 1 926
for the data. ]
b) Briefly defend the equation you chose to model the data. 2 11.2
c) Use your equation to predict the weight at 24 months. 4 14.1
d) Use your equation to predict the month a girl would weigh 32 7 16.82
pounds.
10 18.69
12 19.72
16 21.6

2. The growth curve for boys used by health care professionals is shown below. The center curve
represents the average length and the outer curves pertain to 2 and 3 standard deviations from
this average (a statistics course will teach you what to make of standard deviation).

a) Identify some ordered pairs from the center graph and use regression and the graph of the
data to find the best model for the data. We did this question in section 6.1, but try
choosing length for (x) and age in months for (y). This relationship can be very accurately
modeled using this creative approach.

b) Briefly defend the equation you chose to model the data.

c) Use your equation to calculate to predict the length a boy “should” be at 36 months.

Length-for-age BOYS

Birth to 2 years (z-scores)

) World Health
».& Organization

Length (cm)

10 n 1 2 3

1 year
Age (completed months and years)

WHO Child Growth Standards
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3. The table shows how barrel length effects muzzle velocity (ft/sec) for a

9mm Luger Federal 115 grain bullet.

a)

b)
c)
d)

4. The chart shows the relationship between the number of clicks on a
scope and its effect on the drop in a bullet. The circular adjustment
knob on a scope is designed to click to a positive stop at equal
intervals as it rotates so the shooter can know how far the knob has
rotated.

a)

b)

d)

Use regression and the graph of the data to find the best model for
the data.

Briefly defend the equation you chose to model the data.

Use your equation to predict muzzle velocity for a 24” barrel.

Redo regression but use the logistic model to find a model for the
data (at the end of the list of regression equations on your
calculator).

Use the logistic model to predict the muzzle velocity for a 24” barrel.

Barrel | Federal

Length | 115 gr.
18" 1297
17" 1320
16" 1295
15" 1304
14" 1295
13" 1281
12" 1282
11" 1268
10" 1253
9" 1238
8" 1234
7 1223
6" 1188
5" 1166
4" 1094
3" 1029
2" 948

Hornady XTP 20 gr.
17 HMRE MV=2375

Use regression and the graph of the data to find the best model
for the data considering number of clicks as a function of the
drop.

Briefly defend the equation you chose to model the data.

Use your equation to determine the number of clicks necessary
to adjust for a drop of 48 inches.

Use your equation to predict the drop for 250 clicks.

Click Size 8.125

Yard Drop

168
125
158
175
208
225
258
275
J68
325
358
375
Loa

8.
1.
3.
6.
18.
15.
22.
31.
.
54,
68.
84.
183.

WD LD ek ] RO S LD R -k PR

Click
a
8
17
28
L
5%
73
|
112
134
157
182
208
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5. The chart and graph show how far a 17 HMR Hornady 17 grain bullet will drop as a function of

the length of the shot measured in yards.

a) Use regression to find a cubic model for the data for the scope that is zeroed at 200 yards.
You will notice this has a remarkably good fit since the data does not have the symmetrical
shape that quadratic graphs have.

b) Use your equation to predict the drop for a 350 yard shot.

Trajectory Chart 17 HMR Heornady 17 gr Bullet (Muzzle Velocity of 2550 fps)

v w NarmintAlcom

£

—8—8— Fero @ 100 yd
—0—0— Fero @ 125 yd
—8—8— Fero (@ 150 yd
—8—8— Fero (@ 175 yd

= NER N\
2\

|
-
=

Hornady Ammo 17 gr V—Max\

Scope Height 1.58"
Dist Drop Drop Drop Drop Drop
(yd) (in)  (in) {in) {in)  (in)
o -1i.50 -1.50 -1.50 -1.50 .

Bullet Elevation (in)
1

fa
[=)

25 -0.45 -0.22% -0.05 0.24
50 0.15 0.53 1.02 1.60
7E 0.34 0. 590 1.63 2.51
100 0.00 0.75 1.73 2.30
2
1

-1
0
2
3
4.,
25— 125 -0.94 0.00 1.22 .63 4,40 i
150 -2.59 -1.47  0.00 .76 3.81 \i
175 -5.08 -3.77 -2.05 0.00 2.39
200 -8.54 -7.03 -5.08 -2.73  0.00 |
30 225 -13.14 -11.45 -9.25 -6.61 -3.54
-5

280 -19%.07 -17.20 -14.75 -11.50
275 —-26.56 -24.4% -21,80 -18.57 -14.82
300 -35.72 -32.47 -30.53 -27.01 -22.92

0 25 S0 FE) 100 125 150 175 200 225 250 275 300
Distance {yards)
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6. The percent of divorced white females is shown in the table and graph since the 1960’s.

Year Percent
a) Use regression and the graph of the data to find the best model 1960 25
for the divorce percent for white females (the bottom graph)
b) Briefly defend the equation you chose to model the data. 1970 34
c) Use your equation to predict the percent you would expect in 1980 6.4
2020. 1990 36
FIGURE 6. PERCENTAGE OF ALL PERSONS AGE 15 2000 10.2
AND OLDER WHO WERE DIVORCED®, BY SEX AND RACE,
1960-2008 UNITED STATES 2008 111

1960 1970 1580 1950 2000

2008
~ Total Males == Black Males == White Males

—- Total Females = Black Femalas ='‘White Females

7. The chart shows the number of clicks on the scope that are

necessary to adjust for the drop in a bullet for different length shots.

The circular adjustment knob on a scope is designed to click to a
positive stop at equal intervals as it rotates so the shooter can know
how far the knob has rotated.

a) Use regression and the graph of the data to find the best model
for the data considering number of clicks as a function of
yardage.

b) Briefly defend the equation you chose to model the data.

c) Use your equation to determine the number of clicks necessary
for a 190 yard shot.

Hornady XTP 20 gr.
17 HMRE MV=2375

Click Size 8.125

Yard Drop
184 a.@
125 1.2
158 3.2
175 6.1
288 1@8.2
225 15.3
258 22.6
275 3.2
3ge 41.7
325 541
358 A68.3
375 BL. 9

4oe 183.7

Click
a
8
17
28
1
5%
73
|
112
134
157
182
208
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The table and graph show how far a bullet is deflected to the left or right of its target in a 90°
angle wind. Consider the data for the 17 HMR in a 10 MPH wind as a function of the distance.

a) Use regression and the graph of the data to find the best model for the data.

b) Briefly defend the equation you chose to model the data.

c) Use your equation to determine the deflection of the bullet for a 350 yard shot.
d) Use your equation to estimate the yardage for a shot that is deflected 17 inches.

Bullet Deflections for 90 degree Wind.

wowow WarmintAl com
40

17 HMR . e e e e MW=2550 gr=17 BC=.125
17 Ackley Hornet. Mw=3E800 gr=20 BC=.18%

/

a5 [—= T

—@—@— 17 HMR 5 mph Wind
—&—@— 17 HIR 10 mph Wind

30 [—— -&—0— 17 Ackley Hornet 5 mph Wind
—@—@— 17 Ackley Hornet 10 mph Wind

Distance {yards})

L] | | | |
o
T 25| Dist 17 HMR 17 HMR 17 AH 17 AH
£ (vd) 5 MPH 10 MPH & MPH 10 MPH
= (in) (in) (in) (in)
& 0 0.0 0.0 0.0 0.0
o 25 0.1 0.2 0.0 0.1
E 201 5o 0.4 0.8 0.2 0.3
S 75 0.9 1.8 0.3 0.7
o 100 i.6 3.3 0.6 1.2
B g || 128 2.6 £.3 1.0 2.0
= 1901 150 3.9 7.9 1.4 2.9
8 175 5.6  11.1 2.0 4.0 b
200 7.5 15.1 z.6 5.3
225 9.9 19.8 3.4 6.5 /‘
10 | 250 12.6 25.3 4.3 5.6
275 15.8  31.% 5.3 10.6
300 1.2 38.% 6.4 12.9
T H
5 |
5 ‘ i
0% =
0 25 50 75 100 125 150 175 200 225 250 275 300

The table is used to size home water systems. It shows the
feet of head (height of the source above the faucet) that are

Head (feet) Pressure (PSI)

necessary for different pounds per square inch (PSl) of

2.31

4.62

pressure at the faucet.

6.93

9.24

a) Use regression to find the best model where the pressure

11.6

is a function of feet of head.

13.9

b) Briefly defend the equation you chose to model the data.

16.2

c) Use your equation to predict the feet of head that will be

18.5

necessary to achieve 80 pounds of pressure.

20.8

Wl || & |ws |-

23.1

[y
=]

25.4

[y
[

27.7

-
[g¥]
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10. The chart and graph show how far a 17 HMR Hornady 17 grain bullet will drop as a function of

the distance of the shot measured in yards.
a) Use regression to find the best model for the data for the scope that is zeroed at 100 yards.
b) Briefly defend the equation you chose to model the data.

c) Use your equation to predict the drop for a 350 yard shot.

Trajectory Chart 17 HMR Hornady 17 gr Bullet (Muzzle Velocity of 2550 fps)

on

Distance (yards)

0
-5 ——8— Zero @ 100 vd
©—0— Zero @ 125 vd
—&—@— Zero @ 150 yd
= 1 —@—@— Zero @ 175 yd
£ - —&—&— Zero @ 200 yd
c
2
®
8 -15 Hornady Ammo 17 gr V-Max
i} Scope Height 1.5"
= Dist Drop ODrop Drop Drop Drop
= (vd) in)  (in)  Gin) Gin) o (in)
5 20 g -1.50 -1.50 -1.50 -1.50 -1.50
25 -0.48 -0.2% -0.05 0.24 0.58
50 0.15 0.53 1.02 1.80 2.28
75 0.34 0.30 1.83 2.51 .54
. 100 0.00 0.75 1.73 2.30 4.27
L 125 -0.94 0. 00 1.22 - 4.40
150 -2.5% -1.47 0. 00 1.76 .51
175 -5.08 -3.77 -2.05 0.00 2.39
200 -8.54 -7.03 -5.08 -2.73 0.00
-an 225 -13.14 -11.45 -95.25 =-&.681 -3.54
250 -19.07 -17.20 -14.75 -11.50 -B.08
275 -26.56 -24.49% -21.80 -18.57 -14.82
200 -35.72 -33.47 -30.53 -27.01 -2z2.392
-25
0 2% 50 75 100 125 150 17s 200 225 250 275 300
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Appendix

Desmos: the versatile regression tool

https://www.desmos.com/
Transformations: you can give any graph the freedom to

change location or slope.

s = steepness or slope of the curve
h = horizontal shift
v = vertical shift

Name_ of TI-84 Version Gent?rlc Shifted Version
equation Version
Linear y=ax+b Yy =X y=s(x+h)+v
qguadratic y=ax’+bx+c | y=x? y=s(x+h)?+v
power y = axP y =xP y=s(x+h)b+v
exponential y = ab* y = b¥ y =sb*" +v
logarithmic y =a + blnx y=Inx | y=sIn(x+h)+v
: 1 1
rational n/a y= y=S—_+V



https://www.desmos.com/



